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Abstract

Real-time heuristic search adopts a problem-solving model signi�cantly di�er-

ent from traditional AI search. As opposed to these traditional o�-line search

methods devoted to batch global planning, real-time search handles problem

solving as a whole, by interleaving partial planning and action execution. It

performs a series of real-time planning/action execution cycle, each time tak-

ing into account the new surroundings it is facing. This distinctive feature

of \the problem solver being situated in the environment" makes real-time

search an attractive solution for problems involving uncertainty or dynamics,

as it allows the problem solver to adapt itself to changing situations in a way

which is never possible for o�-line search.

In this thesis, we study various aspects of real-time search, with emphasis

on two issues not previously pursued: the utility of nonstandard heuristic

function and the analysis of convergence process.

The �rst issue addresses the e�ect of nonstandard heuristic functions on

real-time search. In particular, we study the heuristic functions violating two

properties that have been taken for granted: admissibility and consistency.

Intuitively, admissibility is the property that the function never overestimates

the actual cost, while consistency states that the values assigned by the func-

tion to adjacent states satisfy a form of triangle inequality. Most of the

research e�orts in real-time search have been directed towards the study of

heuristic function satisfying these properties.

The second issue is concerned with the ability to learn from experience,

enjoyed by R. Korf's LRTA? and some other real-time search algorithms.
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Even though real-time search algorithms generally cannot �nd an optimal

action sequence in the �rst problem solving trial, these algorithms will even-

tually �nd, or learn, optimal solutions through repeated trials. The theorem

of such asymptotic convergence has already been obtained, but it does not

answer the question of in what way the convergence progresses.

Through the research on the following subtopics, we show that these seem-

ingly independent issues are actually closely related; the use of nonstandard

heuristics provides a remedy for the problems concerning the learning process.

1. A new technique for proving the convergence.

We present a new technique for proving the convergence of LRTA? al-

gorithm. As the obtained proof is built upon the same lemmas as the

existing proof of completeness, it constitutes the connection between

these important properties of LRTA? that have been discussed some-

what separately.

2. Analysis of real-time search with overestimated heuristics.

We study the performance of weighted LRTA? algorithm, which uses

an inadmissible, or overestimated, heuristic function. We prove that

although weighted LRTA? does not generally converge to optimal so-

lutions, it does show a form of weaker convergence to suboptimal solu-

tions. We also show that it is possible to predict from the amount of the

overestimation of the initial heuristic function how much the quality of

the converged solution may deteriorate.

3. A methodology for overcoming the instability of convergence process.

We point out the drawbacks of LRTA? algorithm during convergence:

the failure to adequately balance the amount of exploration and exploi-

tation, and the incurred instability of solution quality during conver-

gence. To overcome the drawback, we propose a new search method

that uses an inadmissible heuristic function for maintaining upper bounds

of the actual cost. This new heuristic function is used along with

the conventional admissible function for providing lower bounds. We
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demonstrate that compared to LRTA?, the algorithm guarantees more

stable improvement of solution quality during convergence. With the

algorithm, we obtain �ne-grained control of the convergence process

without losing the convergence to optimality.

4. Analysis of the e�ect of inconsistent heuristics on the moving-target

search.

An interesting application of real-time search is themoving-target search

(MTS) problem. In MTS setting, the goal changes during the course

of the problem solving. We resolve the di�erence between LRTA? and

the MTS algorithm due to Ishida and Korf, on the use of inconsistent

heuristic function. In particular, we show that the MTS algorithm is

complete as well, even under inadmissible (and thereby inconsistent)

heuristic function. This result contributes to extending the class of

heuristic functions usable with moving-target search.
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Chapter 1

Introduction

1.1 Background

Since 1960's, the heuristic search has been, and basically still is, one of the

central issues in arti�cial intelligence (AI). Beginning with A? [10, 28], a

number of heuristic search algorithms have been proposed. To solve a speci�c

problem with these classic heuristic search methods, it is assumed that the

problem solving task is decomposable into the following subtasks.

1. Convert the process description of the problem into state description

[39].

2. Translate the heuristic, or the prior knowledge speci�c to the domain

that helps to solve the problem, into the form of heuristic evaluation

function.

3. Apply a suitable heuristic search algorithm to generate a plan to achieve

goal (planning).

4. Commit to the generated plan (action execution).

From the standpoint of this framework, problem solving is intrinsically a

batch process in which the planning and the commitment to the generated
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plan are independent processes. Adopting the framework, most research ef-

forts have been directed towards the development of the methods to �nd

a complete (and in particular, optimal) action sequence to the goal; this

is what classic, or \o�-line" search algorithms are specialized for, con�ning

themselves solely to the planning (Step 3).

O�-line search algorithms have seen success in many application domains,

partly because of the generality and simplicity of the framework mentioned

above. However, there are domains in which the framework fails to �t at

all; such inadequacy stems from its being a batch process too centric on

planning. To be more precise, they construct a complete action sequence

even before the problem solver makes its �rst move. Since such construction

often results in exhaustive search that takes a long time, there is no room left

for taking the dynamics of the problem into account. In addition, it requires

the complete model of the problem to be available before the �rst action.

In some problems that involve uncertainty, it is more natural to assume that

the precise model is available only after making speci�c actions at each stage.

The problem is that the search algorithms rely so much on the assumption

of static state space that it is quite diÆcult to build into them the means to

cope with uncertainty or the changes that might happen to the state space

during the search.

The new class of heuristic search algorithms, coined as \real-time search"

by its inventor R. Korf, arose out of such observation. This new class includes

Real-Time A? (RTA?) and Learning Real-Time A? (LRTA?) [23] and is more

suited to searching in environments that involve uncertainty or dynamics. To

deal with these factors, the real-time search adopts a framework signi�cantly

di�erent from that of o�-line search; it is not merely a planner in the sense of

o�-line search, but is rather a complete problem-solving architecture in which

planning and action execution are interleaved. The problem solver is situated

in the environment and is reactive, in the sense that it does not wait for a

complete plan to be made up, but instead commits to an action based on

the information gathered by local search (partial planning). After making an

action, the problem solver observes its new surrounding situation, and repeats
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the cycle of partial planning and action execution until it �nally reaches the

goal. This is reminiscent of two-player game search [29] that incorporates

local search to handle limited time and resources available to each player. The

resulting search algorithm is more 
exible, featuring the abilities to perform

planning and acting in turn or even in parallel, control the amount of planning

based on the circumstances, or adapt itself to changing situations which is

never possible for o�-line search. A number of real-time search algorithms

have been proposed [6, 7, 12, 13, 15, 30, 35] to take advantage of these unique

features, and the range of application is growing even wider.

Another signi�cant feature that LRTA? and some other real-time search

algorithms enjoy is the convergence to optimal solutions; Although real-time

search in general do not assure us to �nd an optimal action sequence, these

algorithms have the property that if they are applied to the similar problems

repeatedly, the action sequence executed by the problem solver will even-

tually converge to an optimal one. This property demonstrates that these

algorithms have the ability to learn from their experience.

This learning ability of real-time search suggests its strong relationship

with other machine learning algorithms. For instance, the similarity between

LRTA? and reinforcement learning [40], especially Q-learning [18, 41], has

been investigated by Barto et al. [2]. Reinforcement learning was originally

intended to model an aspect of the humans' information processing mecha-

nism, namely the adaptive learning through trial-and-error. It is also possible

to view real-time search in the same way, which makes it interesting as a study

model of autonomous agents with adaptive behavior.

An interesting topic concerning the learning through repeated problem

solving is the so-called \exploration-exploitation trade-o�." It stems from

the fact that the algorithms have to achieve two often contradicting goals at

the same time: (1) to reach goal safely (in each problem solving trial) and (2)

to �nd better solution (through the trials). To achieve the �rst goal one has

to make more use of the information it has collected before (exploitation),

while to achieve the second requires eager trial of new actions (exploration)

at the risk of not being able to arrive at a goal easily. The challenge is to
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�nd a way to balance these in some decent ways.

1.2 Objectives

In this thesis, we study various aspects of real-time heuristic search, with

emphasis on two issues not previously pursued:

1. the analysis of the e�ect of nonstandard heuristic function in real-time

search, and

2. the analysis of learning process.

The �rst issue addresses the e�ect of nonstandard heuristic functions on

real-time search, in particular, those violating two properties that have been

taken for granted: admissibility and consistency. Intuitively, admissibility is

the property that the function never overestimates the actual cost, while con-

sistency states that the values assigned to neighboring states satisfy a form of

triangle inequality. Most of the research e�orts in real-time search have been

directed towards the study of heuristic function with these properties, and

little is known on the e�ect of the heuristics that are nonconforming to these

criteria. In o�-line search, on the other hand, the inadmissible heuristic func-

tion is often used to �nd near-optimal solutions, especially for the problems

that are inherently intractable to seek for optimal solutions. Although most

single-trial real-time search algorithms proposed so far are basically subop-

timal algorithms that do not su�er from such intractability, they lack the

nontrivial guarantee on the obtained solution quality to be usable for �nding

near-optimal solutions.

The second issue addressed by the thesis is concerned with the ability to

learn from experience, enjoyed by some real-time search algorithms including

LRTA?. As mentioned earlier, these algorithms are known to eventually �nd

optimal solutions through repeated problem solving trials, but the mere fact

that they eventually converge does not answer the question of how such con-

vergence progresses. Though the learning ability of these algorithms is quite

intriguing from the perspective of modeling adaptive autonomous agents, it
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has not been payed much attention compared to their single-trial perfor-

mance.

To achieve these goals, the thesis deals with the following topics.

1. Development of the comprehensive theory that accounts for both com-

pleteness and convergence in a uni�ed manner, which is applicable re-

gardless of the consistency of heuristic function.

2. Performance analysis of real-time search with inadmissible (and thereby

inconsistent) heuristic function.

3. Development of the methodology for overcoming the instability of so-

lution quality during convergence.

4. Resolution of di�erence between real-time search for stationary goals

and moving-target search upon the e�ect of inconsistent heuristics.

1.3 Outline of the Thesis

The rest of the thesis is organized as follows.

Chapter 2 introduces basic concepts and notations used throughout the

thesis, such as state spaces, actions, costs and paths. Because all the al-

gorithms proposed in the subsequent chapters can be thought of as various

extensions of Korf's LRTA? algorithm, we describe LRTA?, the most popular

and fundamental of all the real-time search algorithms, with an illustration

of how this basic algorithm works by a speci�c example.

Chapter 3 presents a new technique for proving the convergence of LRTA?.

The chapter begins with a detailed survey of existing proof techniques for its

completeness and convergence. We point out that the original convergence

proof of LRTA? relies on an assumption that initial heuristics are consistent.

Then, we propose an alternative proof of convergence which does not rest on

the consistency assumption at all, based on a di�erent technique. Besides

its generality, the obtained proof is succinct and intuitive to understand, as

it fully exploits the nature of LRTA?. In addition, as it is constructed as

5



a (nontrivial) extension of the proof of completeness, it helps to establish

the link between these two important properties of LRTA?. Although these

are closely related properties of the same algorithm LRTA?, they have been

proven by somewhat di�erent techniques. We also consider an alternative

model of repeated trials, in which each trial may be cut o� before it can reach

the goal, either compelled by the environment or at the problem solver's

own will. We show that our proof technique gives an equally satisfactory

convergence result in this case. This new model is closely related to the

Æ-search algorithm which will be introduced in Chapter 5, where the proof

technique is utilized to derive its property. This chapter is based on the

material that appeared as [37].

In Chapter 4, we analyze the properties of the real-time search algorithm

that uses overestimated, or inadmissible, heuristic function. One important

question concerning such algorithms is whether they are convergent at all.

We give an aÆrmative answer to this open question, by showing that if the

amount of overestimation of initial heuristic estimates is at most a factor �

of the actual costs, then the converged solutions need not be optimal, but

they are no worse than a factor (1 + �) of the optimal cost. This results in

the �rst suboptimal real-time search algorithm with nontrivial guarantee on

solution quality. Since most of the problems addressed in AI are inherently

intractable, the algorithms that relax optimal solutions have practical merits.

The reported experimental results demonstrate that at the sacri�ce of small

degradation in solution quality, it is possible to reduce the amount of search

e�ort dramatically. We also show a variation of the algorithm that measures

the amount of overestimation additively relative to the actual costs, which

brings about a di�erent performance guarantee. This chapter is based on the

material that appeared as [16, 17, 36].

In Chapter 5, we address the problem of the convergence process of LRTA?

algorithm, namely, the instability of solution quality. Our interpretation of

such instability is the LRTA?'s inability to balance exploration-exploitation

trade-o�. As a remedy to the problem, we propose a new real-time heuristic

search algorithm called Æ-search. This algorithm utilizes two heuristic func-
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tions to guide the problem solver; the conventional, admissible heuristic func-

tion, and the new, often inadmissible heuristic function for maintaining the

upper bounds of the actual costs. The upper-bound heuristic is obtained after

the �rst trial, and is utilized to suppress excessive exploration. We not only

analytically show Æ-search's contribution to the stability of convergence pro-

cess, but present experimental results demonstrating its e�ectiveness. This

chapter is based on the material that appeared as [16] and [17].

Chapter 6 deals with the problem of moving-target search, in which the

goal, or target, changes its location during the course of problem solving.

It is an interesting application of real-time search, as the existence of such

moving target renders o�-line search algorithms powerless. Based on the

insights gained in the previous chapters, especially Chapter 4, we discuss

the use and the e�ect of overestimated, and hence inconsistent, heuristics,

again, but in the case of moving-target search. In particular, we show that

even if we use overestimated heuristics or the value-update rules that do not

force nondecreasing property on the estimates, the completeness of Ishida and

Korf's moving-target search algorithm are still preserved, on the contrary to

what was believed. This chapter is based on the material that appeared as

[38].

Finally, Chapter 7 concludes the thesis with the discussion of possible

future research directions.
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Chapter 2

Preliminaries

In this chapter, we introduce the basic concepts and notations used through-

out the thesis.

2.1 State Space

Although real-time heuristic search removes the barrier between planning and

commitment to actions, it is still built upon the state space representation.

Therefore, we should �rst translate the process description of the problem at

hand into state space representation1, by associating a \state" to each stage

of the problem solving process. Although the issue of how this translation

should be done itself is another major problem, it is not our concern in this

thesis. We assume such translation is given a priori, and concentrate on how

search algorithms perform in the state space.

Let R be the set of reals, and R+ be the set of positive reals. The state

space we consider is formally de�ned as a quintuple (X;A; k; S;G), which

is basically a �nite directed simple graph (X;A) without a loop (cycle of

length one), where X is a nonempty �nite set of states (nodes), and A �

X �X � f(x; x) j x 2 Xg is a set of actions (edges)2 with each edge labeled

1See step 1 of the overall problem-solving architecture found in Section 1.1.
2The assumption that the underlying graph being simple and not containing loops is

not a restriction, since in the LRTA? setting, the outcome of every action as well as the
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by an action cost function k : A! R+, together with two distinct nonempty

subsets S and G of X, called initial and goal states, respectively. We use

k(x; y) as a shorthand for k((x; y)).

For x; y 2 X, y is a child of x i� (x; y) 2 A: We denote the set of children

of x by Chd(x); i.e., Chd(x) = fy j (x; y) 2 Ag. A path is a nonempty (possi-

bly in�nite) sequence (x0; x1; : : : ; xi; : : : ) of states, with every pair (xi; xi+1)

of successive states in the sequence belonging to A. For each successive states

(xi; xi+1) in the path, if the index i is clear from context, xi+1 is said to be

the successor of xi. The length of a path is the cumulative number of actions

involved in the path; i.e., one less than the cumulative number of states in-

volved. The cost of a path is the sum of the action costs associated with each

successive state pair involved in the path. If a path is an in�nite sequence,

its cost is1, re
ecting k(�; �) being always positive. The cost of a state is the

minimum cost of the paths from the state to a goal state. The path that gives

such minimum cost is called an optimal path from the state3. Respecting the

convention of o�-line search community, we use h?(x) to denote the optimal

cost of state x. In particular, h?(g) = 0 for each goal g 2 G. We assume for

every non-goal state x 2 X �G in the state space, there exists at least one

path from x to a goal state. This assumption implies

� the optimal cost function h?(�) is bounded from above, and

� Chd(x) 6= ; for every non-goal state x 2 X �G.

In such a state space, the following relation holds for every state x 2 X.

h?(x) =

8><
>:
0; if x 2 G;

min
y2Chd(x)

fk(x; y) + h?(y)g ; otherwise.
(2.1)

This relation is well-known as Bellman optimality equation [3, 5], and is

solvable with dynamic programming or with Dijkstra's method [4]. Unfortu-

nately, they are basically breadth-�rst algorithms that involve computation

action itself is observable by the problem solver. For example, even when there are loops,

we can safely ignore them.
3Note that there may be more than one optimal paths.
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over all states in X; heuristic search methods, in contrast, tries to reduce

the search e�ort by carrying out computation at a limited number of rele-

vant states. The computation is done in on-demand manner only when and

where it becomes necessary with the help of prior knowledge speci�c to each

domain. In this sense, heuristic search methods try to capture and mimic an

aspect of humans' capability of problem solving.

2.2 Heuristics

Most of the AI heuristic search methods, including those discussed in this

thesis, are intended to be domain-independent. Therefore, to be usable by

these methods, the prior knowledge of how to accomplish the task eÆciently

in each domain should be translated into some more generic form, just as the

problem solving task was translated into the state space description.

Such generic form is called a \heuristic evaluation function" and is de-

�ned in terms of the translated state space. This function gives an estimated

diÆculty of problem solving at each stage of problem solving. Since problem

solving stage is represented by a state in the state space, the estimated diÆ-

culty at each stage are naturally encoded as an estimated distance from each

state to the nearest goal. Formally speaking,

De�nition 2.1 A heuristic (evaluation) function h is a mapping from states

in the state space to nonnegative reals, i.e., h : X ! R+ [ f0g. The value

h(x) is called the heuristic estimate of state x (by the heuristic function h(�)).

It should be emphasized that h(�) gives only an estimate of the optimal

cost h?(�), therefore it may or may not be accurate. Conversely, when it

is necessary to emphasize that the quantity h?(�) is not an estimate but is

determined solely by the topology of the state space (i.e., without intervention

of speci�c heuristic function or search algorithm), we call it the actual cost

or correct cost.

For the convenience of the later discussions, we also introduce a notion

describing the heuristic function associates a correct estimates to a particular

11



state.

De�nition 2.2 The heuristic estimate h(x) of state x is correct i� h(x) =

h?(x). Such a state x is called correct state.

There are several classes of heuristic function that are of interest to heu-

ristic search, both o�-line and real-time. The �rst class, called \admissible"

heuristic function always gives an optimistic estimate of the distance to the

goal.

De�nition 2.3 The heuristic estimate h(x) of the state x is said to be ad-

missible i� the following condition is satis�ed.

h(x) � h?(x):

We call such state x an admissible state. The heuristic function that assigns

admissible values to all the states is called admissible heuristic function.

Since we have h?(g) = 0 for every goal state g 2 G, we immediately have

h(g) = 0 for all g 2 G, provided the heuristic function h is admissible.

The \consistency" of heuristic function states that a form of triangle

inequality holds between the heuristic values of any two adjacent states. The

class of consistent heuristic functions is known to possess many advantages

when it is used with some heuristic search algorithms.

De�nition 2.4 The heuristic function h(�) is consistent i� for any pair (x; y)

of states in A, h(x) � k(x; y) + h(y).

There is another class of heuristic function, called \monotonic" heuristic func-

tion, which de�nes another form of triangle inequality. However, as it was

shown [29] that this class is actually equivalent to consistent heuristics, we

do not include its de�nition here, but use these two terms interchangeably

throughout the thesis.

The following theorem clari�es the relationship between admissibility and

consistency (or monotonicity).
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Theorem 2.1 [29] Consistent (monotonic) heuristics are admissible.

An important corollary of this theorem that is of great interest to the thesis

is its contrapositive.

Corollary 2.1 Inadmissible heuristics are inconsistent.

2.3 The LRTA? Algorithm

The Learning Real-Time A? (LRTA?) algorithm proposed by Korf [23] is

probably the most popular and fundamental of all the real-time heuristic

search algorithms. For this reason, the subsequent chapters discuss mainly

the properties of LRTA? and its extensions. This section reviews the LRTA?

algorithm. Although Korf has given the name LRTA? to a family of real-

time search algorithms, we concentrate on the simplest version of LRTA?

algorithm with search (look-ahead) horizon of one4 throughout the thesis.

A pseudo-code of the LRTA? algorithm is shown in Figure 2.1. The

problem solver maintains its current location in the variable x. It departs

from an initial state x = x0 2 S, chosen arbitrarily from the set S of initial

states, and iterates Steps 3a and 3b, until it reaches a goal state, i.e., until

x 2 G. In this algorithm, each state z 2 X is associated with an estimate

h(z) of the optimal cost h?(z). The problem solver performs a series of

moves updating the estimate h(x) of its currently occupying state x to make

it more accurate. We assume the initial heuristic estimates are given by some

admissible heuristic function h0( � ).

If the branching factor of the whole states is upper-bounded by some small

constant (which is a reasonable assumption in many cases), one iteration of

LRTA? algorithm can be accomplished within a constant-time. This is why

the search methods are coined as real-time search; by using real-time search

methods, it is possible for the problem solver to commit to an action in real

4It is not so diÆcult a task to extend the results of the subsequent chapters to the

whole family in which search horizon is not limited to one. Unfortunately, because of the

variations of the look-ahead, the arguments become too lengthy without much merit.
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1. For each state z, set h(z) to be its initial value; i.e., h(z)  h0(z)

for every z 2 X.

2. Set the current state x to some initial state x0 2 S; i.e., x x0.

3. Repeat the following steps until x is a goal state; i.e., x 2 G;

(a) Look ahead and value update:

Update the heuristic estimate h(x) of the problem solver's cur-

rent state x.

h(x) min
y2Chd(x)

[k(x; y) + h(y)] : (2.2)

(b) Action execution:

Move to a child y 2 Chd(x) of the current state x such that

y 2 argmin
z2Chd(x)

[k(x; z) + h(z)] : (2.3)

If there are more than one such state, choose among them

arbitrarily. This operation is called a tie break.

Figure 2.1: Pseudo-code of LRTA? algorithm
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time at each stage of problem solving, leaving the room for adapting itself to

dynamics involved in the problem.

Remark 2.1 Notice that the algorithm lacks the routine to check whether

there is no children available at Step 3b. Actually, such a check is not needed

at all; since Chd(x) 6= ; for every non-goal state x 2 X � G in our setting,

there should always be a place to move in Step 3b. It follows that the problem

solver will either

1. stray in the state space forever, or,

2. arrive at a goal state and terminate the search.

Section 3.2.1 contains the proof that Situation 1 cannot actually occur, i.e.,

LRTA? will never fail to reach a goal.

Let us illustrate how LRTA? algorithm works by an example. Figures 2.2

through 2.5 depicts one iteration inside Step 3 of LRTA?. In the �gures, the

problem solver is represented by a robot, and the states by the square 
oor

tiles. The current situation it is facing is depicted in Figure 2.2. The state

currently occupied by the robot has four children, and all the transition costs

are equally one. The number on the 
ag at each state indicates the heuristic

estimates of the state at the instant.

1. Look-Ahead:

Figure 2.3 illustrates how \look-ahead" step is performed. The robot

looks around the child states' heuristic estimates, to compute the min-

imum of these values5.

2. Value Update:

Then it updates the estimate of the current state by the sum of the

computed minimum and the cost of action which, in this case, is 1

(Figure 2.4).

5In general, we have to take the cost of actions into account as well; See value update

formula (2.2). The process is omitted here because all the actions have uniform unit cost

in this case.
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3. Action Execution:

After updating the value, the robot moves towards the state that gives

the minimum value used for the updating (Figure 2.5); in this case to

the state with the estimate of 2. In this sense, the problem solver acts

greedily in LRTA?. It would not be possible to escape from a loop or a

dead-lock, if we used stationary heuristic estimates; LRTA? avoids such

situation thanks to the value update of the estimates.

Figure 2.2: Robot navigated by LRTA? at a crossing

2.4 Properties of Real-Time Search Algorithms

Introduction of some more additional terms and concepts speci�c to real-time

search closes this chapter. The main objective of this section is to present,

informally but intuitively, two basic property addressed by real-time heuristic

search algorithms. The �rst one, which is probably the most fundamental,

is called completeness. It is addressed by almost all the real-time search

algorithms proposed so far.

De�nition 2.5 (Completeness) A real-time search algorithm is complete,

i� it has the property of never failing to arrive at a goal state.
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Figure 2.3: LRTA?: look ahead

Figure 2.4: LRTA?: value update
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Figure 2.5: LRTA?: move

By a problem solving trial, or simply trial, we mean a single application

of a real-time search algorithm to the given problem; i.e., a session beginning

with the problem solver's departing from an initial state, and, if the algorithm

is complete, terminating on its arrival at a goal. We call the problem solver's

trajectory (the path departing from an initial state and arriving at a goal) in

each trial the solution obtained by the problem solver in the trial.

If a real-time search algorithm is complete, it is conceivable to repeatedly

apply the algorithm by resetting the problem solver to an initial state after

it reaches a goal, and by reusing the modi�ed heuristic estimates in the next

trial. A series of such repeated application is called an episode. Now we are

ready to introduce the second property.

De�nition 2.6 (Convergence) A real-time search algorithm is convergent,

i� it has the property such that after performing some number of trials, the

problem solver continues to traverse only optimal paths.

A real-time search algorithm that possesses this property exhibits that it has

the ability to learn from experience.

Note that the completeness and the convergence are basically independent

properties. While LRTA? algorithm enjoys both these properties, not all of
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the real-time search algorithms do. For example, RTA? [23] is a complete

search algorithm but is not convergent in general.
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Chapter 3

Convergence of Real-Time

Search

3.1 Introduction

One of the signi�cant features of real-time heuristic search algorithms is their

explicit interleaving of planning and action execution. Since the planning is

based on the partial information available at each stage of problem solving, it

is not guaranteed that the algorithms execute an optimal sequence of actions.

Yet, they still possess the favorable property of never failing to arrive at a

goal (completeness). In addition, some of the algorithms including LRTA?

can eventually identify an optimal path to the goal, if they are repeatedly

applied to the similar problems (convergence). This property is the result of

the way local information is maintained; at each stage (which is represented

by a state in the state space), the information gathered by the local look-

ahead search is accumulated and propagated to other stages via the value-

updating of heuristic estimates.

The formal proof of this convergence property of LRTA? was derived by

Korf in his pioneering paper [23] on real-time search. Although his proof

covers the case of initial heuristic function being consistent1, it seems non-

1The consistency of initial heuristic function is assumed implicitly in the convergence
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trivial to extend it to the whole class of admissible heuristic functions. In

this chapter, we present an alternative convergence proof applicable regard-

less of the consistency of initial heuristic function. The new proof technique

is built upon the lemmas used by Ishida and Korf for proving the complete-

ness of their moving target search algorithm [14, 15], and not upon Korf's

convergence proof. To show that our proof is not a trivial extension of these

previously known techniques, we review both Korf's convergence proof and

Ishida and Korf's completeness proof in detail. We also compare our tech-

nique brie
y with that of Barto et al. [2] who also established the general

convergence result by reducing the problem to asynchronous dynamic pro-

gramming.

The technique presented in this chapter has speci�c applications in Chap-

ters 4 and 5.

3.2 Preliminaries

In this section, we clarify the background and the motivation of the present

chapter, by reviewing the previous results on the properties of LRTA?.

The LRTA? algorithm is already depicted in Figure 2.1. To analyze its

properties, we introduce the quantity � to count how many iterations of Step 3

of the algorithm (see Figure 2.1) have been performed since the problem

solver has departed from the initial state x0. De�ned this way, � represents

the number of moves2 made by the problem solver. In the following, by time

(instant) � , we refer to the instant immediately after � -th iteration; thus, for

example, at time 0, the problem solver is at an initial state.

For time j = 0; 1; 2; : : : , let xj be the state occupied by the problem solver

at time j, and for any x 2 X, let hj(x) be the heuristic estimate associated

with x at the same instant; note that these notations are consistent with our

previous de�nitions of x0 and h0(�). From the value update formula (2.2) and

proof. On the other hand, it is explicitly stated that consistency is not required for the

completeness proof.
2Note the problem solver makes one move per iteration at Step 3b.
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the action-selection formula (2.3), we see that the following equation holds

for every j = 1; 2; : : :

hj(xj�1) = min
y2Chd(xj�1)

[k(xj�1; y) + h(y)]

= k(xj�1; xj) + hj�1(xj): (3.1)

On the other hand, the update accompanying j-th move does not alter the

heuristic estimates of the states besides state xj�1. Formally speaking,

hj(x) = hj�1(x) (3.2)

for each x 2 X �fxj�1g. Since identity relation is excluded from A, we have

xj 6= xj�1 for each time j � 1. It follows that hj(xj) = hj�1(xj) and hence

equation (3.1) can be restated as

hj(xj�1) = k(xj�1; xj) + hj(xj): (3.3)

3.2.1 Completeness Proof by Ishida and Korf

LRTA? is complete, in the sense that the problem solver never fails to reaches a

goal after executing a �nite number of moves. Since the convergence proof we

will develop in Section 3.3 shares the lemmas with the completeness theorem,

we will review it in this section.

Historically, the technique we review below was originally developed by

Ishida and Korf [14, 15] for their Moving-Target Search (MTS) algorithm

for chasing changing goals3. It is applicable to LRTA? as well, since it is

subsumed by MTS as a special case when the target (goal state) does not

change its location. We describe the proof based on the presentation due to

Koenig [19], with slight modi�cation.

We begin with an important lemma due to Korf, which is also used by

his convergence proofs and ours. The lemma says that the value-updates of

the problem solver never violates the admissibility of heuristic estimates.

3The basic idea is already present in [23].
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Lemma 3.1 [23] Value-updates with formula (2.2) preserve the admissibility

of heuristic function. That is, if the initial heuristic function h0(�) satis�es

h0(x) � h?(x) for all x 2 X, then for every time j = 1; 2; : : : , and for each

x 2 X, hj(x) � h?(x) still holds.

Proof. We show by induction on time j. By assumption, obviously true at

j = 0. Suppose at time j, the heuristic estimates are all admissible; i.e.,

hj(x) � h?(x) (3.4)

for every x 2 X. Since xj 6= xj+1 by the assumption that the state space

does not contain a loop by (3.2),

hj+1(x) = hj(x) � h?(x)

for every x 2 X � fxjg. It remains to show that the state x is admissible

after update. Let y 2 Chd(xj) be an optimal child of xj . Since xj+1 is chosen

as the destination, and since it is chosen rather than y,

hj+1(xj) = k(xj ; y) + hj(xj+1) � k(xj ; y) + hj(y) (3.5)

holds4. Since y is admissible by formula (3.4),

hj(y) � h?(y): (3.6)

Substituting inequality (3.6) in (3.5) yields

hj+1(xj) � k(xj ; y) + h?(y);

or, the value hj+1(xj) after update is also admissible. �

Lemma 3.2 [14, 15, 19] For each time instant � = 0; 1; 2; : : : , the following

relation (3.7) holds.

�X
j=1

k(xj�1; xj) =
X
x2X

h� (x)� h� (x� )�
X
x2X

h0(x) + h0(x0): (3.7)

4Formula (3.5) even holds when y = xj+1.
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Proof. Obviously true for � = 0. On j-th move, xj�1 is the only state whose

heuristic estimate is updated, and other states remain una�ected. Therefore,

from equations (3.2) and (3.3),

X
x2X

hj(x) =
X
x2X

hj�1(x)� hj�1(xj�1) + hj(xj�1)

=
X
x2X

hj�1(x)� hj�1(xj�1) + k(xj�1; xj) + hj(xj):

(3.8)

Substituting Hj =
P

x2X
hj(x)� hj(xj), we can restate equation (3.8) as

k(xj�1; xj) = Hj �Hj�1: (3.9)

Summing equation (3.9) over j = 1; 2; : : : ; � yields

�X
j=1

k(xj�1; xj) = H� �H0;

which is the statement of the lemma. �

The following theorem establishes the completeness of LRTA?. It does

not have the direct relationship with the convergence proof we will develop

in Section 3.3; the above lemmas suÆce for our purpose. We include it here

for the following reasons as well as for self-containedness.

� The completeness is a prerequisite for our model of repeated problem

solving trials. If LRTA? were not complete, the trials could not be

repeated, because we assume \reset operation" that brings the problem

solver back to an initial state is only available at the goal states5.

� Again, since the completeness is a prerequisite for the repeated appli-

cation of LRTA?, if one wants to prove the consistency is not required

for convergence, it is necessary to make sure that the consistency is not

required for completeness, either.

5We will discuss an alternative \reset" model in Section 3.4.1
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� We believe it helps to convince the reader that our convergence proof

is not a trivial application of that of completeness, although both are

built upon the same set of lemmas.

Theorem 3.1 (Completeness of LRTA?) [14, 15, 19] If the initial heuris-

tic function is admissible, LRTA? is complete. In other words, the problem

solver reaches a goal state after a �nite number of moves.

Proof. Based on Remark 2.1, it suÆces to derive an upper bound on the

number � of the moves by the problem solver for proving this theorem.

Let kmin = min(x;y)2A k(x; y) be the minimum action cost in the state

space. Then, we have

�kmin �

�X
j=1

k(xj�1; xj)

=
X
x2X

h� (x)� h� (x� )�
X
x2X

h0(x) + h0(x0)

�
X
x2X

h?(x)�
X
x2X

h0(x) + h0(x0): (3.10)

The equality in the second line follows from Lemma 3.2, and the inequality in

the last line from Lemma 3.1. Since jXj and h?(�) are both upper bounded,

RHS and consequently LHS, �kmin, are also upper bounded. As the positive

cost assumption implies kmin > 0, � is upper bounded. �

Note that neither Lemmas 3.1, 3.2, nor Theorem 3.1 makes the assump-

tion of the consistency of initial heuristic function.

3.2.2 Original Convergence Proof by Korf

Theorem 3.1 showed that LRTA? arrives at a goal state after making a �nite

number of moves. In the remaining part of the chapter, we consider successive

application of LRTA? algorithm to the same problem; once the problem solver

reaches a goal and a trial ends, it is reset to an initial state chosen arbitrarily

from the set S, and the search is continued. In this setting, we do not

discard the heuristic estimates at the end of each trial. Rather, we inherit
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and reuse them as the initial heuristics of the next trial. It is possible to repeat

such problem solving trials ad in�nitum; from Lemma 3.1, we know that the

admissibility of heuristics is always maintained, and hence the prerequisite

for the completeness of LRTA? is never violated during the repeated trials.

The rest of the section describes the original convergence proof of LRTA?

algorithm by Korf. His proof, however, relies on the consistency of heuristic

estimates, and is not general enough to cover the class of admissible heuristic

functions as a whole.

The following lemma says that the correctness of the state propagates with

the move by LRTA?. It holds regardless of the admissibility or consistency.

Lemma 3.3 [23] Let x be a state, and y be a child of x. If state y is correct,

and if problem solver has made a transition from state x to y, state x becomes

correct after the transition.

Proof. Let h(x) be the heuristic value of x after transition. Since state y is

correct, h?(y) = h(y). Therefore,

h?(x) � k(x; y) + h?(y) = k(x; y) + h(y) = h(x):

The inequality follows from the optimality requirements, and the last equality

from the value update formula (2.2). By Lemma 3.1, we have

h(x) � h?(x):

It follows that state x is correct. �

At this point, the following assumption is made implicitly in [23].

Assumption 3.1 [23] In LRTA?, a state remains correct once it becomes

correct.

If this assumption is in fact true, then the number of correct states is nonde-

creasing with number of trials. It is naturally seen that there will be a trial

after which all the states along the paths traversed by the problem solver

are correct, because the correctness of states propagates backwards along the
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paths, beginning with the goal states which are initially correct by assump-

tion.

Theorem 3.2 [23] Under Assumption 3.1, by repeating LRTA? problem

solving trials in�nite number of times, the cost of the path departing from

s 2 S and following the state y that gives the minimum value of k(x; y)+h(y)

among the children of the current state x, will be all optimal, provided that

the ties are broken randomly.

Proof. Consider the path � = (x0; x1; : : : ; x��1; x� ) from an initial state

x0 2 S to a goal state x� 2 G traversed in�nitely many times by the prob-

lem solver after in�nite number of trials. We prove � is indeed optimal, by

induction on the length of �. It is trivial when � = 0. Thus, let � > 0. For

all 1 � j � � , we have

k(xj�1; xj) + h?(xj) = min
y2Chd(xj�1)

[k(xj�1; y) + h(y)]

� h?(xj�1);

or,

k(xj�1; xj) � h?(xj�1)� h?(xj);

since by Lemma 3.1 and by Assumption 3.1, every state along � is correct.

Now, summing this inequality over j = 1; 2; : : : ; � yields

�X
j=1

k(xj�1; xj) � h?(x0)� h?(x� ) = h?(x0);

where x� 2 G and h?(x� ) = 0 is used. �

Let us return to the discussion on Assumption 3.1. When initial heuristics

are consistent, Assumption 3.1 holds, but otherwise it need not. For example,

see the state space with initially inconsistent heuristic function, depicted in

Figure 3.1. There are six states u, v, w, x, y and z besides the initial state s

and the goal g, each illustrated with a circle. The initial heuristic estimates of

those states, depicted in the circle representing the states, are admissible but
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Figure 3.1: State space with inconsistent heuristic estimates

not consistent. The numbers labeling the edges are the cost associated with

them. We invite the readers to verify that in this state space, state v does not

remain correct even after it becomes, by the virtue of Lemma 3.3, correct.

The trajectories of the problem solver is shown in Table 3.1. After the �rst

trial, state v becomes correct, re
ecting the problem solver's transition from

v to g. However, the decrease in the estimate of x in the second trial redirects

the problem solver from v to x and not to g in the third trial, rendering v

into an incorrect state again.

3.3 Convergence

In this section, we show that LRTA? is convergent even under inconsistent

heuristics, based on a di�erent technique from Korf's. Our strategy is to

�rst show that after some trial, the set of the paths traversed by the problem

solver in the subsequent trials will consists only of optimal paths. Once this

property is derived, it is easier to derive the convergence of heuristic estimates

to the optimal values. We will refer to the �rst type of the convergence as the
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Table 3.1: Episode in the state space with inconsistent estimates

Trial Traversed Path

1 s ! v ! g

2 s ! w ! x ! y ! g

3 s ! u ! v ! x ! y ! g

4 s ! v ! g

5 s ! v ! g
...

...
...

\convergence of the trajectory6," and the second type as the \convergence of

the heuristic estimates," and prove these properties in that order.

3.3.1 Convergence of the Trajectory

Let us introduce some notations �rst. For each trial i = 1; 2; : : : , let �(i) be

the number of moves the problem solver made in the i-th trial, and let c(i)

be the cost of the path traversed by the problem solver in the same trial. We

denote by xi
j
the state at which the problem solver has arrived by the j-th

move in the i-th trial (hence 0 � j � �(i)), and for any x 2 X denote by

hi
j
(x) the heuristic estimate h(x) at the same instant. Using these de�nitions,

we have

c(i) =

�(i)X
j=1

k(xij�1; x
i

j): (3.11)

The fact that the heuristic estimates on arriving at a goal is reused as the

initial heuristics of the next trial is stated as follows: For any trial i = 1; 2; : : : ,

and any state x 2 X,

hi
�(i)(x) = hi+10 (x): (3.12)

6This notion corresponds to the convergence of policy in reinforcement learning litera-

ture.
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Lemma 3.4 (Corollary of Lemma 3.2) The following equation holds for each

trial i = 1; 2; : : : :

c(i) =
X
x2X

hi
�(i)(x)�

X
x2X

hi0(x) + hi0(x
i

0): (3.13)

Proof. In the i-th trial, after making �(i) moves, the problem solver arrives

at a goal state xi
�(i)
2 G, at which hi

�(i)
(xi

�(i)
) = h?(xi

�(i)
) = 0 by the admis-

sibility of heuristic function. By noting this fact, and taking the de�nition of

c(i) (equation (3.11)) into account, it can be seen that equation (3.13) is a

particular case of equation (3.7). �

Lemma 3.5 For each trial n = 1; 2; : : : , equation (3.14) holds.

nX
i=1

c(i) =
X
x2X

hn
�(n)(x)�

X
x2X

h10(x) +

nX
i=1

hi0(x
i

0): (3.14)

Proof. The proof is by induction on the number n of trials. By summing

equation (3.13) over i = 1; 2; : : : ; n, we have

nX
i=1

c(i) =
X
x2X

hn
�(n)(x)�

X
x2X

h10(x)

+

n�1X
i=1

X
x2X

h
hi
�(i)(x)� hi+10 (x)

i
+

nX
i=1

hi0(x
i

0):

From the assumption on the reuse of the heuristic values, (i.e., equation (3.12)),

the third term on RHS is 0. �

Theorem 3.3 There is a trial after which the problem solver continues to

traverse only optimal paths.
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Proof. From equation (3.14), we have

nX
i=1

�
c(i) � h?(xi0)

�

=
X
x2X

hn
�(n)(x)�

X
x2X

h10(x) +

nX
i=1

hi0(x
i

0)�

nX
i=1

h?(xi0)

�
X
x2X

hn
�(n)(x)�

X
x2X

h10(x) +

nX
i=1

h?(xi0)�

nX
i=1

h?(xi0)

=
X
x2X

hn
�(n)(x)�

X
x2X

h10(x)

�
X
x2X

h?(x)�
X
x2X

h10(x); (3.15)

for every n. Here, Lemma 3.1 is used to derive the inequalities. Since RHS

is a constant, the partial sums of the series
P

i

�
c(i)� h?(xi0)

�
of nonnegative

terms has an upper bound, and hence the series is convergent. Thus we have

lim
n!1

[c(n)� h?(xn0 )] = 0;

which means that for any Æ > 0, there exists m such that for all n � m,

c(n) � h?(xn0 ) < Æ. It implies that after some trial m, c(n) = h?(xn0 ) for all

n � m, since we can make the quantity Æ such that every suboptimal path

has a cost at least Æ greater than that of the optimal path. This establishes

the statement of the theorem. �

Note that the above proof is valid regardless of the consistency of the

heuristic function; it is neither required for the convergence proof nor the

completeness proof which is required for such repeated problem solving trials

to be possible.

Note also the arbitrariness of tie-breaking rule and the choice of initial

states. If we use some tie-breaking scheme that always prefers one state to

the rest, it is possible that only one optimal path will eventually be found.

On the other hand, if we decide to break ties randomly, and choose initial

state randomly as well, then all the optimal paths from every initial state in

S will eventually be identi�ed with probability one, as stated by Korf in his

original LRTA? paper.
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3.3.2 Convergence of the Heuristic Estimates

The previous section showed that there exists trial m such that all the paths

traversed by the problem solver in the subsequent trials are optimal. It does

not, however, imply that the heuristic estimates are convergent to optimal

values on every state along the path traversed after trial m. Therefore, we

prove that the heuristic estimates of the states along the optimal paths that

are eventually traversed by the problem solver will also converge to the exact

cost to the nearest goals.

The statement follows from the following fact. Suppose the solution cost

have already converged. If we take two arbitrary states along a path traversed

by the problem solver in the subsequent trials, an order between these states

can be de�ned in terms of which state is visited after the other in a trial.

The argument is intuitive but a bit lengthy, so we omit the detail and sketch

the outline only.

First, we introduce several de�nitions and a lemma. Let X? � X be the

set of states that are visited by the problem solver after in�nite number of

trials. By Theorem 3.3, all the states belonging to X? is on an optimal path

from an initial state. Note, however, that this set need not coincide with

the set of all states on optimal paths, because due to the arbitrariness of

tie-breaking strategy and the way initial states are chosen.

De�nition 3.1 For every i = 0; 1; : : : , de�ne the sequence Strat(i), which

we call i-th stratum, of the set X? inductively as follows.

1. Strat(0) = G \X?,

And for i = 1; 2; : : : ,

2. Strat(i) = fx 2 X? j for all y 2 Chd?(x) \X?; y 2 Strat(i� 1)g:

Here, Chd?(x) denotes the set of the optimal children of state x, i.e.,

Chd?(x) = argmin
y2Chd(x)

[k(x; y) + h?(y)]

33



when x 2 X�G is a non-goal state, and, for a goal state x 2 G, Chd?(x) = ;7.

Furthermore, let the level of the state x, denoted by Lev(x), be the smallest

index of the stratum in which x belongs; i.e.,

Lev(x) = argmin
i

fi j x 2 Strat(i)g :

The set Strat(i) is nondecreasing with respect to set inclusion (�). On the

other hand, by the de�nition and the �niteness of X?, there exists an index i

such that Strat(i) = X?, hence, for every x 2 X?, Lev(x) is well-de�ned and

is �nite.

Lemma 3.6 Suppose the problem solver follows only optimal paths. Then,

the heuristic estimate of the state x on the path will only be a�ected by the

change of the heuristic values of the states belonging to the level Lev(x)� 1.

From Lemmas 3.3 (propagation of correctness) and 3.6, we have the fol-

lowing corollary.

Corollary 3.1 Suppose all the states belonging to level i are correct. If a

state at (i + 1)-st level becomes correct, then it will remain correct in the

subsequent trials.

Although it is rather intuitive after we saw Corollary 3.1, we show the

theorem for convergence of heuristic estimates to the correct values.

Theorem 3.4 (Convergence of Heuristic Estimates)

After some trial, all the heuristic estimates of the states visited by the

problem solver will be correct.

Proof. (Sketch) we prove by induction on level i that all the states in X?

will be correct after some trial. When i = 0, obviously true since Strat(0)

contains only goal states.

Suppose all the states in i-th level are correct after some trial at which the

paths traversed by the problem solver in the subsequent trials consist only of

7By this de�nition, it follows that Strat(0) � Strat(1).

34



optimal ones. The problem solver eventually visits every states in (i + 1)-st

level. By Corollary 3.1, if all the states at i-th level are correct, the states in

(i+ 1)-st level will be correct sooner or later as well. �

In particular, again, as in Korf's original paper, when tie-break and the

choice of initial state are done at random, the heuristic estimates of the states

along all the optimal paths will eventually become correct with probability

one, because the set X? coincides with the set of all states on all optimal

paths in this case.

3.4 Variations

In this section, we present several application of our convergence proof tech-

niques to some nonstandard settings.

3.4.1 Alternative Reset Model with Deadlines

The model of repeated problem solving trials considered in the previous sec-

tions followed the way proposed by the original LRTA? paper [23]; the prob-

lem solver is reset to an initial state only after it reaches a goal.

In this section, we consider an alternative model of repeated problem

solving trials. In this model, we set a deadline for arriving at a goal in each

trial. That is, regardless of whether the problem solver has arrived at a goal

or not, a trial is cut o� and the problem solver is reset to an initial state

after a certain period of time has elapsed since its departure from the initial

state. The deadline could also be de�ned in terms of the distance traveled

by the problem solver instead of elapsed time. In either case, such a model is

obtained by simply removing the constraints x� (i) 2 G and hi
�(i)

(x� (i)) = 0

implied thereby. However, the deadline should not be too restrictive to make

reaching a goal totally impossible; for instance, it is hopeless to expect the

problem solver ever reach a goal, if the deadline, de�ned in terms of distance,

is less than the cost of the optimal solution. This constraint is guaranteed by

making an explicit assumption on the cost c(i) of the path traversed in trial
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i such that

c(i) � h?(xi0) (3.16)

for every i. Note that in the original search model, this assumption was

implicit in the model itself.

For this new model, we have a corollary of Lemma 3.2, which is slightly

di�erent from (actually, more general than) Lemma 3.4.

Lemma 3.7 (Corollary of Lemma 3.2)

The following equation holds for each trial i = 1; 2; : : : :

c(i) =
X
x2X

h�(i)(x)� h� (x�(i))�
X
x2X

hi0(x) + hi0(x
i

0): (3.17)

Lemma 3.8 For each trial n = 1; 2; : : : , equation (3.18) holds.

nX
i=1

c(i) =
X
x2X

hn
�(n)(x)�

X
x2X

h10(x) +

nX
i=1

h
hi0(x

i

0)� hi
�(i)(x

i

�(i))
i
:

(3.18)

Proof. By summing equation (3.17) over i = 1; 2; : : : ; n. �

Theorem 3.5 Assume c(i) > h?(xi0) for every trial i as in (3.16); i.e., in

each trial, the problem solver is not subject to reset until it travels the cost

of the optimal path. Then, there is a trial after which the problem solver

continues to traverse optimal paths.

Proof. From equation (3.18), we have

nX
i=1

�
c(i) � h?(xi0)

�

=
X
x2X

hn
�(n)(x)�

X
x2X

h10(x) +

nX
i=1

[hi0(x
i

0)� hi
�(i)(x

i

�(i))]�

nX
i=1

h?(xi0)

�
X
x2X

h?(x)�
X
x2X

h10(x);

for every n. By condition (3.16),
P

i

�
c(i)� h?(xi0)

�
is a series of nonnegative

terms and hence converges. �

36



The proof is almost identical to the one presented in Section 3.3, but we shall

see that it has a direct application in the proof of convergence of real-time

search with upper bounds that we will introduce in Chapter 5.

3.4.2 Inadmissible Initial Heuristic Function

Our proof technique does not depend on the consistency of heuristic func-

tion, but the admissibility is still indispensable. This is because the proof

essentially relies on the convergence of series of nonnegative terms towards

explicit limit. If the heuristic function violates admissibility, the converged

solution need not be optimal. This implies that the problem solver may tra-

verse a path whose cost is less than the �nal solution during convergence.

This makes it not so straightforward to extend Theorem 3.3 to inadmissible

case. We can still derive an upper bound on the average solution cost in this

case, but we defer the discussion until Section 4.7.1.

3.5 Discussion

If we assume consistent heuristic function, then such function will guaran-

tee the heuristic estimates to be nondecreasing, and to remain consistent.

It follows that the number of correct states is also nondecreasing, which is

an essential assumption underlying the convergence proof of Korf. Unfortu-

nately, it is not necessarily true of inconsistent heuristic functions. In this

case, the number of correct states may decrease during the search, as shown

in the example of Figure 3.1.

One way to circumvent this problem is to explicitly force the heuristic

estimates to be nondecreasing, by performing an update only when it gives

greater value than the current one [19, 35].

h(x) max

�
h(x); min

y2Chd(x)
[k(x; y) + h(y)]

�
: (3.19)

We believe this form of value update formula has its root in the method to

construct a consistent heuristic function out of inconsistent one, found in the
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o�-line search literature [25] (see also [22]). When this max-version of update

formula is used with LRTA?, Korf's argument becomes applicable regardless

of the consistency of heuristic function. We mention that even when this

max-version of update formula is in use, our proof technique applies as well.

Koenig [19] gives a detailed theoretical analysis of the worst-case perfor-

mance of LRTA? algorithm, both at the single and the repeated problem

solving frameworks. Although he used Ishida and Korf's proof technique

to analyze single-trial performance, a totally di�erent technique is used to

prove and analyze convergence. His convergence proof makes use of the extra

mechanism of tagging states that are found to be correct, based on Korf's

Lemma 3.38. A state is tagged when its estimate is updated on a transi-

tion to another tagged state. Furthermore, the problem solver should prefer

non-tagged states over tagged ones on tie-breaking. This is indeed a nice

mechanism to encourage eÆcient exploration of state space and to decide

when to stop further trials. Note, however, that the tagged states remain

tagged thereafter as the algorithm does not contain a procedure to remove

tags from states. In this sense, his analysis of convergence carries the same

assumption as Korf's, thus requiring max-operation in the update rule to

be indispensable. With the state space of Figure 3.1, it is possible to verify

that the tagging mechanism does not always work without max-operation. If

LRTA?'s original value update formula were used, state s would be tagged as

\correct" after the fourth trial, which is wrong the correct cost of s should

be 5, while the estimate is still 4 after tagging.

Barto et al. [2] proposed trial-based real-time dynamic programming (trial-

based RTDP), which is a generalization of LRTA? to the stochastic state space

(or Markov decision process) where the mapping from actions to transitions

are not one-to-one relation, but occurs according to a predetermined distri-

bution. It is also applicable to deterministic state space, in which case the

algorithm reduces to LRTA?. In their paper, they showed the convergence

8It seems that the introduction of such a tag is intended for the removal of random

tie-breaks. Using such mechanism, Koenig succeeds in deriving an upper bound on the

number of moves required for LRTA? to converge.
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of trial-based RTDP, and their convergence proof covers the case of incon-

sistent heuristics. They solved the problem by reducing the convergence of

trial-based RTDP (which subsumes LRTA? as a special case) to that of asyn-

chronous dynamic programming [5].

Their proof di�ers essentially from ours in the strategy. They �rst show

that there is a set of states that are visited in�nite number of times, without

indicating it consists only of the states along optimal paths; later they turn

out to be, as a result of the convergence of heuristics to optimal values. This

strategy is reminiscent of Korf's original proof, and therefore can be consid-

ered as a direct extension of his proof to the inconsistent as well as stochastic

case. In contrast, ours �rst explicitly shows the states visited in�nite number

of times will be only those along optimal paths; the convergence of heuristic

estimates in each state follows naturally.

3.6 Summary

In this chapter, the convergence of LRTA? is proven by a new technique

that does not rest on the consistency assumption at all. Since it is a natu-

ral extension of the proof of the completeness, it establishes the connection

between these fundamental properties of LRTA? that have been discussed

somewhat independently. We also compared our technique with that of Korf,

Koenig, and Barto et al. Among these, Barto et al.'s proof via reduction

to asynchronous dynamic programming, is the most general. Although our

proof lacks such generality to cover the case of stochastic state space, it fully

exploits the setting of LRTA?, leading to a more succinct and intuitive proof.
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Chapter 4

Weighted Real-Time Search

for Tolerating Suboptimal

Solutions

4.1 Introduction

In this chapter, we remove the constraint on the heuristic function that it

should be admissible and investigate the e�ect of such nonstandard heuristic

function on real-time search algorithms.

In Chapter 3, we saw that LRTA? algorithm enjoys convergence to optimal

solution as well as completeness, provided that the initial heuristic function

is admissible. From the viewpoint, it is preferable that the heuristic function

is admissible, but there are problem domains for which it is diÆcult to �nd

a heuristic function that are both admissible and e�ective [29]. Should we

abandon the use of real-time search in such domains? What will happen if

we apply real-time search even though the heuristic estimates are initially

inadmissible?

Although there have been a number of literature on real-time search, most

of them concentrated on the search with admissible and consistent heuristic

functions, and the use of inadmissible ones are completely neglected. In par-
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ticular, it is not clear whether repeated application of LRTA? algorithm with

initially inadmissible heuristic function shows any sort of convergence. The

primary objective of this chapter is to give an answer to this open question.

4.2 Preliminaries

Let the state space be (X;A; k; S;G) as de�ned in Section 2.1; X is the �nite

set of the states, A is the set of actions, k(�; �) de�nes the cost of every action

in A, and S;G � X are the sets of initial and goal states, respectively.

As we have seen in Section 2.3, LRTA? uses admissible heuristic function

(such as the Manhattan distance in the gridworld domain and the sum of the

Manhattan distance of each numbered tile in the sliding-tile puzzle domain)

as the initial value of h(x). In the following, we remove the constraint on

heuristic function h(�) that it should be admissible. Even in this case, since

h(�) is initially �nite, there should be some constant � � 0 such that h(x) �

(1 + �)h?(x) for every state x 2 X. Let us de�ne such weakened constraint

more formally.

De�nition 4.1 Let h( � ) be some heuristic function. For a constant � � 0,

if the heuristic value of state x does not overestimate the exact cost by a

multiplicative factor �, i.e.,

h(x) � (1 + �)h?(x); (4.1)

then the heuristic value h(x) of state x is said to be �-admissible. The heuristic

function h(�) that assigns an �-admissible value to every state is called an �-

admissible heuristic function. A state x satisfying the condition (4.1) is called

an �-admissible state.

Next, we introduce the notion of �-correctness, which de�nes a stronger

condition than �-admissibility, yet weaker than correctness.

De�nition 4.2 For some constant � � 0, if the state x satis�es the condition

h?(x) � h(x) � (1 + �)h?(x)
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then, x is said to be an �-correct state.

It is obvious that if a state is �-correct, it is also �-admissible, but not vise

versa. Furthermore, by generalizing the notion of optimal path, we de�ne

�-optimal path as follows:

De�nition 4.3 Let � be a path from a state x 2 X to a goal g 2 G. If the

cost of � does not exceed the optimal cost1 h?(x) of x by at most a factor

(1 + �), then, � is said to be �-optimal path from state x. More precisely, if

� = (x0; : : : ; xn�1; xn) where x = x0 and g = xn, and if

n�1X
i=0

k(xi; xi+1) � (1 + �)h?(x)

is satis�ed, then � is an �-optimal path from x.

4.3 Weighted LRTA?

For � � 0, the �-weighted LRTA?, or �-LRTA? for short, is a modi�cation of

LRTA? algorithm obtained by relaxing the requirement for initial heuristic

function h(�) to be only �-admissible.

Since original LRTA? is identical to 0-weighted LRTA?, this de�nition

subsumes LRTA? as a special case. From the viewpoint of the algorithm,

there is no di�erence between LRTA? and weighted LRTA?2. However, one

thing should be clari�ed before we proceed to the discussion of the properties

of weighted LRTA?. Recall that in Section 3.5, we saw a variation of LRTA?

which we called max-version LRTA?. This variation used a value update

formula (3.19), recited here for convenience,

h(x) max

�
h(x); min

y2Chd(x)
[k(x; y) + h(y)]

�
: (4.2)

1Note that the optimal path that gives h?(x) may be terminating at a goal state di�erent

from g.
2In the o�-line search literature, it was interpreted that the heuristic function itself is

part of the algorithm; For instance, the name A? was coined for a special instance of generic

\ordered search algorithm" employing an admissible heuristic function [28].
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�-LRTA? uses this max-version value update formula instead of original LRTA?'s

(2.2). The reason and the e�ect of this choice is discussed later in Sec-

tion 4.7.1.

4.4 Completeness of Weighted LRTA?

In this section, we show the completeness of weighted LRTA?. At the outset,

we prove weighted LRTA? preserves �-admissibility of states. When initial

heuristic function h is �-admissible, it has the following property.

Lemma 4.1 Suppose at time instant t, at least one of the optimal children3

of state xt is �-admissible. If weighted LRTA? makes a transition from state

xt to state xt+1 which is also �-admissible, then, after value-updating accom-

panying the transition, the state xt becomes �-admissible as well.

Proof. Among the optimal children of xt, let y 2 Chd(xt) be one that is

�-admissible. Note that we do not exclude the possibility of xt+1 = y here.

Since at time t, xt+1 is chosen as the successor rather than y,

ht+1(xt) = k(xt; y) + ht(xt+1) � k(xt; y) + ht(y): (4.3)

Since y is �-admissible,

ht(y) � (1 + �)h?(y) (4.4)

Substituting equation (4.4) in equation (4.3) yields

ht+1(xt) � k(x; y) + (1 + �)h?(y)

� (1 + �)[k(x; y) + h?(y)]

= (1 + �)h?(x);

where the last equality follows from the supposition of y being an optimal

child of x. �

3As optimal paths may not be unique, there may be more than one such states satisfying

this condition.
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Corollary 4.1 If all states have �-admissible initial heuristic estimates, this

property is preserved by �-LRTA?; i.e.,

ht(x) � (1 + �)h?(x)

for every state x and time instant t = 0; 1; 2; : : : .

Proof. Since the heuristic estimate is initially �-admissible at all states, the

supposition of Lemma 4.1 is initially satis�ed. By straightforward induction

on time t, it follows that the number of �-admissible states are nondecreasing

throughout the trial. �

Lemma 4.2 For each time instant � = 0; 1; 2; : : : , the following relation (4.5)

holds.
�X

j=1

k(xj�1; xj) =
X
x2X

h� (x)� h� (x� )�
X
x2X

h0(x) + h0(x0): (4.5)

Proof. This lemma is identical to Lemma 3.2. It holds regardless of admis-

sibility of heuristic function. �

Theorem 4.1 If the state space is �nite, weighted LRTA? reaches a goal and

terminates after �nite number of moves, provided that it is reachable from

initial state.

Proof. Let kmin = min(x;y)2A k(x; y) be the least action cost in the state

space. Then, we have

�kmin �

�X
j=1

k(xj�1; xj)

=
X
x2X

h� (x)� h� (x� )�
X
x2X

h0(x) + h0(x0)

�
X
x2X

(1 + �)h?(x)�
X
x2X

h0(x) + h0(x0): (4.6)

The equality in the second line follows from Lemma 4.2, and the inequality in

the last line from Corollary 4.1. Since jXj and h?(�) are both upper bounded,

RHS and consequently LHS, �kmin, are also upper bounded. As the positive

cost assumption implies kmin > 0, � is upper bounded. �
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4.5 Convergence of Weighted LRTA?

Weighted LRTA? is, in general, not convergent in the sense of De�nition 2.6.

In this section, we derive a weaker form of convergence theorem for weighted

LRTA?, such that if we perform �-LRTA? repeatedly, the problem solver will

eventually continue to traverse only the suboptimal paths whose cost is not

greater than a multiplicative factor (1 + �) of the optimal cost. First, we

show an analogous result of Lemma 4.1 such that �-correctness instead of

�-admissibility propagates to the parent state through the value-updating

accompanying the problem solver's move.

Lemma 4.3 Suppose one of the optimal children from state xt is �-admissible.

If weighted LRTA? makes a transition to an �-correct state xt+1 from state

xt at time t, then after transition, xt becomes �-correct.

Proof. Among the optimal children of xt, let y be one of the �-admissible

one. Since state xt+1 is also �-admissible, we have

ht+1(xt) � (1 + �)h?(xt): (4.7)

by Corollary 4.1. Hence it remains to show h?(xt) � h(xt). By the supposi-

tion that state y is an optimal child of xt,

h?(xt) = k(xt; y) + h?(y) � k(xt; xt+1) + h?(xt+1) (4.8)

Since the successor xt+1 is �-correct by supposition,

k(xt; xt+1) + h?(xt+1) � k(xt; xt+1) + ht(xt+1): (4.9)

Combining formulas (4.8) and (4.9) yields

h?(xt) � k(xt; xt+1) + h(xt+1) = h(xt): (4.10)

By formulas (4.7) and (4.10), state xt becomes �-correct after transition on

time t. �
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Now we are ready to prove the convergence of �-LRTA?.

First one is the convergence of heuristic estimates, but this is almost

immediate from Lemma 4.3.

Theorem 4.2 (Convergence of heuristic estimates) In a �nite state space,

By repeatedly applying �-LRTA? repeatedly, every state along the path tra-

versed by �-LRTA? will eventually be �-correct.

Proof. Since goal states are initially �-correct, and from Lemma 4.3, a trial

of �-LRTA? changes at least one state to �-correct, unless all the states visited

by the problem solver are already �-correct. As the state space is �nite, the

statement of the theorem follows immediately.

Theorem 4.3 (Convergence of trajectory) If we apply �-LRTA? repeatedly,

there will be a trial after which the problem solver continues to traverse only

�-optimal paths.

Proof. For each state x, since h(x) is nondecreasing with time, and since

it is upper-bounded by (1 + �)h?(x) by Corollary 4.1, h(x) will eventually

converge as the episode proceeds.

Let � = (x0; x1; : : : ; x��1; x� ) be a path traversed by the problem solver

in a trial after all the heuristic estimates have converged, where x0 2 S and

x� 2 G. Further let h(x) be the converged heuristic estimate at each x 2 X.

We show that the path � is indeed �-optimal by induction on the length � of

�. It is trivial when � = 0, so let � > 0. Since the problem solver has moved

from xj�1 to xj, for all 1 � j � � , we have

k(xj�1; xj) + h(xj) = min
y2Chd(xj�1)

[k(xj�1; y) + h(y)]:

From update-formula (4.2),

min
y2Chd(xj�1)

[k(xj�1; y) + h(y)] � h(xj�1):

Combining above two formulas yields

k(xj�1; xj) � h(xj�1)� h(xj):
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Summing this inequality over j = 1; 2; : : : ; � yields

�X
j=1

k(xj�1; xj) � h(x0)� h(x� ) = h(x0);

where the last equality follows from x� 2 G. Since LHS is the de�nition of

the cost of �, and since RHS is further upper-bounded by (1 + �)h?(x0) by

Corollary 4.1, � is �-optimal. �

Note, however, that the above theorem does not imply the solution cost

tends to a �xed value not greater than (1 + �) of the optimal one. Even

the state spaces with single initial and goal states are not exempt from this.

This phenomenon will be observed in the experiments with the �fteen-puzzle

domain we demonstrate in the next section. The theorem guarantees that all

the solution costs (which may be oscillating among several di�erent values

because of random tie-breaking), fall within a factor (1 + �) of the optimal

cost once the heuristic estimate at every state converges.

4.6 Experiments

To examine the performance of weighted LRTA?, we conducted an experiment

with the �fteen-puzzle4. Our test bed is a randomly-generated �fteen-puzzle

instance depicted in Figure 4.1. We used as the initial heuristic function the

sum of the Manhattan distance of each numbered tiles between the initial

and the goal states. This instance has the optimal solution cost (length) of

43 units,with the initial estimate of 33.

4.6.1 Single-Trial Problem Solving

Figure 4.2 shows the �rst trial performance of �-LRTA? with various �, applied

to the �fteen-puzzle instance. The horizontal axis of the �gure shows the

parameter �, and the vertical axis shows the average solution cost, or number

of moves in this case, over 1000 independent trials. The reason for taking the

4For extensive survey and analysis of the eight-tile puzzle and its extensions, see [1].
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Figure 4.1: Workbench: �fteen-puzzle

average is to compensate for the e�ect of random tie-breaking. We can see

from this �gure that adequately overestimated heuristic function may improve

the �rst-trial performance. Note that at � = 0:5, the average solution cost

reduces to half that of LRTA? (� = 0). Although we do not include the

material here, we have also veri�ed that almost identical results are observed

on the hundred instances of randomly generated �fteen-puzzle listed in [22],

with best results obtained at the values of � ranging from 1:2 to 1:6.

4.6.2 Repeated Problem Solving Trials

Next, to measure the learning performance of �-LRTA?, we applied it repeat-

edly to the same �fteen-puzzle instance, varying the value of �.

In this experiment, the original LRTA? (which is identical to �-LRTA?

with � = 0) could not �nd the optimal solution within a reasonable amount

of time and resource5. Thus we needed IDA? to compute the optimal solution

cost of the problem. In contrast, it was possible to observe the convergence

of �-LRTA? with 0:2 � � � 1:0.

Table 4.1 shows the data obtained from the �nal results of the experiment;

the value of � vs. the number of trials required for solutions to converge,

5Our implementation of LRTA? is written in C and run on a Linux box with an Intel

Celeron 500MHz processor and 256MB of memory.
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Table 4.1: Repeated �-LRTA? in �fteen-puzzle: results

� # of Trials # of Expanded States Solution Costs

0.0 (LRTA?) 10000+ 39924343+ N/A (43)

0.2 4404 1757537 43

0.4 976 560457 43

0.6 4213 1444669 43,45

0.8 18508 2527144 45,51

1.0 39990 3922826 45,49,51,53

formula, but as Theorem 4.3 tells, all the solutions are guaranteed to fall

within the multiplicative factor (1 + �) of optimal solution, which is 43.

4.7 Variations

Several variations of �-LRTA? are conceivable and are discussed here.

4.7.1 Use of Naive Value-Update Rule

Unlike original LRTA?, the �-LRTA? algorithm described above uses the

max-version update formula (4.2). If we used LRTA?'s original update for-

mula (2.2) instead, the nondecreasing property of heuristic estimates would

be lost. This would also make the convergence proof diÆcult, as nondecreas-

ing property plays the fundamental role in the proof.

While we were working on this, we expected at �rst that the proof tech-

nique of Section 3.3 might help, but it was not at all straightforward; the

cost of the converged solution cannot be told a priori when initial heuristic

estimates are overestimating, while the proof technique relies on the conver-

gence of a series of nonnegative terms towards explicit limit. Even worse, if

the heuristic function violates admissibility, the converged solution need not

be optimal. This means that there is a possibility that the problem solver

traverses a path whose cost is less than the �nal solution during convergence,
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violating the requirement that the di�erence between the solution cost of each

trial and the converged solution be nonnegative (See formula (3.15)).

However, a weaker but still meaningful performance guarantee is obtain-

able by extending the proof technique. For brevity, we assume the singleton

set S = fx0g of initial states. Note that the proof relies on Lemma 3.5 (and

equation (3.14)), which holds regardless of initial admissibility.

Theorem 4.4 If initial heuristic function is �-admissible, the average solu-

tion cost will eventually fall within a factor 1 + � of the optimal cost.

Proof. Let w = 1 + �. From invariant (3.14), we have

nX
i=1

[c(i)� wh?(x0)]

=
X
x2X

hn
�(n)(x)�

X
x2X

h10(x) +

nX
i=1

hi0(x0)�

nX
i=1

wh?(x0)

�
X
x2X

hn
�(n)(x)�

X
x2X

h10(x) +

nX
i=1

wh?(x0)�

nX
i=1

wh?(x0)

=
X
x2X

hn
�(n)(x)�

X
x2X

h10(x)

�
X
x2X

wh?(x)�
X
x2X

h10(x); (4.11)

for every n, where Corollary 4.1 is used twice to derive inequalities. Note

that in this case, the terms in the series at the LHS, i.e, c(i)�wh?(x0) need

not be nonnegative. Now we divide both sides of (4.11) with the number n

of the trials to obtain

1

n

nX
i=1

[c(i) � wh?(x0)] �
1

n

"X
x2X

wh?(x)�
X
x2X

h10(x)

#
;

where LHS is the di�erence between the average cost of solutions andwh?(x0).

Since RHS tends to 0 as the number n of trials increases, it follows that the

average solution cost will eventually be no worse than wh?(x0). �
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The theorem is too weak to imply that the solution cost converges to some

�xed real p satisfying h?(x0) � p � (1 + �)h?(x0), even if the sets S and G of

initial and goal states are both singleton; for instance, we cannot exclude the

possibility of the solution costs oscillating between h?(x0) and some quantity

greater than (1 + �)h?(x0). Nevertheless, the above theorem guarantees, at

least, that the problem solver will never fail to traverse a path whose cost is

less than or equal to (1 + �)h?(x0) in some future trial.

4.7.2 Measuring the Error Additively

It is possible to measure the amount of possible overestimation of each heuris-

tic estimates additively relative to the correct cost, instead of multiplicatively

as in �-LRTA?. Such reformulation also establishes a di�erent bound on the

converged solutions. We begin with a de�nition.

De�nition 4.4 If the following condition is met, heuristic estimate h(x) of

state x is said to be e-additively admissible.

h(x) � h?(x) + e: (4.12)

The state x satisfying formula (4.12) is called an e-additively admissible state.

A heuristic function h(�) is e-additively admissible i� it assigns e-additively

admissible heuristic values to all non-goal states, and 0 to each goal state.

For e � 0, e-additive LRTA? is a variation of max-version LRTA? that

uses e-additively admissible initial heuristic function instead of admissible

one. In particular, when e = 0, e-additive LRTA? is identical to (max-

version) LRTA?, which amounts to another generalization of LRTA?.

Below, we show the convergence property of e-additive LRTA?. Complete-

ness is obvious and thus omitted, since by making � suÆciently large, every

e-additively admissible heuristic function can be conceivable as �-admissible.

Concerning the e-additive admissibility, the following lemma holds.

Lemma 4.4 When all the children of state x are e-additively admissible, and

if problem solver moves from x, as the e�ect of the update of heuristic value

by formula (4.2) accompanying the move, x becomes e-additively admissible.
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Proof. By assumption, for each child state y of state x, h(y) � h?(y) + e.

Hence, if we let h(x) be heuristic value of x after update,

h(x) = min
y2Chd(x)

[k(x; y) + h(y)]

� min
y2Chd(x)

[k(x; y) + h?(y) + e]

� min
y2Chd(x)

[k(x; y) + h?(y)] + e:

Therefore, substituting equation (2.1) yields

h(x) � h?(x) + e:

or, after update, x is e-additively admissible. �

Corollary 4.2 If for all state, heuristic values are initially e-additively ad-

missible, this property is preserved by e-additive LRTA?.

The notions of e-additively optimal path, and e-additively correct heuris-

tic estimate and state are de�ned analogously to their multiplicative coun-

terparts.

De�nition 4.5 The path � = (x0; x1; : : : ; xn�1; xn), from state x = x0 to

a goal state xn 2 G is e-additively optimal i� following inequality is satis�ed.

n�1X
i=0

k(xi; xi+1) � h?(x) + e:

De�nition 4.6 The heuristic estimate h(x) of state x is said to be e-additively

correct if the following inequality is satis�ed.

h?(x) � h(x) � h?(x) + e:

The state x satisfying the above formula is called an e-additively correct

state.

Theorem 4.5 (Convergence of trajectory) If we repeatedly apply e-LRTA?

to the same problem, there will be a trial after which the problem solver

continues to traverse only e-additively optimal paths.
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Proof. By Corollary 4.2, for each state x, h(x) � h?(x) + e, and by the

de�nition of update formula (4.2), h(x) is nondecreasing. It follows that if

we repeat problem solving trials, all the heuristic estimates will eventually

converge.

Suppose � = (x0; x1; : : : ; xn�1; xn), where x0 2 S and xn 2 G, be the

path traversed by the problem solver after convergence of all the heuristic

estimates. It is possible to show that the cost of � is at most h(x0), i.e,

n�1X
i=0

k(xi; xi+1) � h(x0);

by similar argument as Lemma 4.3. By e-admissibility of x0, the RHS is

upper-bounded by h?(x0) + e, and hence � is indeed e-additively optimal.�

4.8 Discussion

�-LRTA? and (max-version) LRTA? di�er only in the class of heuristic func-

tion they use and are algorithmically identical. In particular, �-LRTA? sub-

sumes LRTA? when � = 0.

Pohl's weighted o�-line search (heuristic path algorithm) [8, 31, 32] is an

o�-line heuristic search algorithm that allows to �nd suboptimal solution7.

If LRTA? is a real-time counterpart of the o�-line search algorithm A?,

�-LRTA? is an online version of Pohl's weighted o�-line search. However,

conceptually similar as they may be, it should be noted that the real-time

and o�-line search rest in completely di�erent search models and thus their

properties do not necessarily transfer over one another. For example, in

LRTA?, the set of expanded states after convergence need not be identical to

that of A?. Furthermore, in real-time search, even if we search by satisfying

7Weighted o�-line search uses heuristic estimate function f(x) = (1 � w)g(x) + wh(x),

where g(x) is an upper-bound of the minimum cost from the initial state to x, and h(x)

is the admissible heuristic function as in real-time search. This is equivalent to f(x) =

g(x) + Wh(x) with W = w=(1 � w). It is proven that by setting W = (1 + �) in this

equation, suboptimal solution with error at most � will be found. Furthermore, it was

empirically reported that the amount of search dramatically reduces.
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local consistency, completeness is not guaranteed in an in�nite state space

[23]. Therefore, although weighted o�-line search and repeated application

of �-LRTA? achieve the same goal of relaxing optimality requirements with

similar performance guarantee, their behavior is totally di�erent and is not

evident from the property of one another.

Harris's bandwidth search [9] is another version of o�-line heuristic search

algorithm that makes use of overestimated heuristic functions. The di�erence

between Harris' bandwidth search and Pohl's heuristic path algorithm is that

while the latter composes heuristic function by multiplying (1 + �) to admis-

sible heuristic function, the bandwidth search assumes that in every state,

the overestimated heuristic value is within some constant additive factor e

of exact values (i.e. 8x: h(x) � h?(x) + e). We showed that composition of

similar extension to LRTA? is also possible.

4.9 Summary

Tolerating suboptimal solution is often indispensable, especially if �nding

optimal solution for the problem is known to be inherently intractable. For

example, �nding optimal solution of sliding-tile puzzles (extension of the

�fteen-puzzle to n� n boards) is NP-complete [33], although it is considered

to be a \toy" problem.

The results obtained in this chapter are summarized as follows.

� The use of overestimated, or inadmissible heuristics, often improves

the learning performance of real-time search, at the sacri�ce of possible

degradation of converged solution.

� It is possible to predict how much the quality of converged solution

may deteriorate if one knows the amount of overestimation of the initial

heuristic function.

� The amount of overestimation can be measured by two means, multi-

plicatively or additively relative to the actual cost function h?(�), each

resulting in di�erent measure on the degradation of solution quality.
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Chapter 5

Controlling the Convergence

Process

5.1 Introduction

In this chapter, we discuss the performance of real-time search algorithms

during convergence. Although there have been a number of literature on

real-time search, most of them are concerned with the �rst-trial performance,

and did not pay much attention to the learning process. A few exceptions

include:

� Korf in his pioneering paper on real-time search [23] provides a proof

of asymptotic convergence of LRTA? to an optimal solution.

� Koenig[19] reviews Korf's proofs for LRTA? and analyzes the worst-case

complexity of LRTA?'s convergence property as well as completeness.

� Mizuno and Ishida [26] empirically compare the learning performance

of RTA?, LRTA? and Local Consistency Maintenance search [30] in the

simulation of robot-arm manipulation.

The �rst two are concerned with the asymptotic behavior of the search, and

hence do not answer in what way the solution costs converge to the optimal
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value. The last reports the instability of learning process. This is the issue

addressed in this chapter. In particular, when LRTA? is repeatedly applied,

the following phenomena are observed.

� The algorithm tries to �nd every optimal path.

Even after a suboptimal solution with satisfactory quality is found, the

algorithm tries to �nd the optimal solution. What is worse, when there

are more than one optimal solutions, it continues to �nd all the optimal

paths even after an optimal solution is obtained.

Since the algorithm maintains only the lower bounds of the optimal

distance to the goal, the algorithm cannot decide whether the traversed

path is optimal or not.

In uncertain environments to which real-time search is appealing, it is

not so important to obtain an optimal path, let alone to �nd all the

optimal paths. The problem is that the algorithm has no means to

decide when and where to stop exploration.

� It does not guarantee the continuous improvement of the solution qual-

ity.

Since the algorithm uses admissible heuristic function, the estimates

in the state space are initially much smaller than their optimal values.

Consequently, as the learning progresses, the estimates in the explored

area increase. This makes the problem solver more directed towards

unexplored area, where the estimates remain its original smaller values1.

As a result, it frequently traverses much costly paths than the previous

trials.

What is guaranteed by the convergence theorem is merely the eventual

convergence to the optimal solution, and the stability of the solution

quality during the convergence is out of its scope.

1The similar phenomenon is observed in reinforcement learning literature [27] (see also

[20]), in which it is termed as \optimism in the face of uncertainty."
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To overcome these de�ciencies of LRTA? we present a new real-time search

method. The algorithm, which we call real-time search with upper bound Æ,

or Æ-search for short, is intended to control the amount of exploration by

maintaining a new heuristic function. This new heuristic function supplies

the problem solver the upper bounds of the exact costs. Such upper bound

estimates are typically obtainable after the �rst problem-solving trial, and

approach towards their exact costs through the repeated problem solving.

We will demonstrate the e�ectiveness of the algorithm by running it in a

randomly-generated gridworld.

5.2 Motivation

5.2.1 Learning Performance of LRTA?

To clarify the motivation of the present chapter, we report the results of an

experiment we conducted to evaluate the learning performance of LRTA?.

In this experiment, the state space is a 100�100 (10; 000 states) gridworld

depicted in Figure 5.1. In this state space, 35% of the states, which are chosen

at random, are occupied with obstacles. The problem solver is allowed to

move south, north, east, or west of its current state, unless it is blocked by

an obstacle. The problem solver's unique initial and goal states (indicated

by s and g in Figure 5.1, respectively) are 100-unit apart measured by the

Manhattan distance. The exact cost of the optimal path from s to g is 122

units.

Figure 5.2 shows a typical episode of LRTA? applied to the gridworld of

Figure 5.1 using Manhattan distance initial heuristics. The vertical axis of

the �gure measures the solution cost2 and the horizontal axis displays the

number of problem solving trials. From Figure 5.2, we observe the following

two characteristics of LRTA?'s learning performance.

1. Even after a near-optimal solution is found, the problem solver con-

2In our gridworld, this equals to the solution length, or the number of actions performed

by the problem solver to reach the goal.
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Figure 5.1: Gridworld with 35% random obstacles
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Figure 5.2: LRTA? in gridworld: a typical episode
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tinues to explore the state space trying to �nd better solutions. From

Figure 5.2, we can observe that it frequently happens that inferior paths

are traversed even after near-optimal solution is found in the previous

trial.

2. The quality of solution may suddenly deteriorate even in the later stage

of convergence process. Figure 5.2 shows the number of moves is totally

unstable during convergence.

5.2.2 E�ect of Weighted LRTA? on Solution Stability

From the experimental results of Section 4.6 in the �fteen-puzzle domain,

tolerance of suboptimal solution may often reduce the amount of exploration

during the convergence, leading to the faster convergence at the sacri�ce

of the converged solution quality. This suggests that it is possible to use

weighted LRTA? to overcome the �rst problem of the previous section.

Weighted LRTA? with multiplicative factor � (�-LRTA?) is repeatedly ap-

plied to the same gridworld of Figure 5.1 with various �. The results are

shown in Figures 5.3 and 5.4. Figure 5.3 plots the solution costs, and Fig-

ure 5.4 plots the total number of expanded states since the beginning of

episode, which is roughly proportional to the amount of memory required to

store heuristic estimates. These �gures were created by averaging 50 inde-

pendent episodes (or convergence processes), trial by trial, to compensate for

the e�ects of random tie-breaking and to smooth the graph to make it easy

to grasp their tendencies. It should be noted that in each episode, the perfor-

mance graph is far more jagged than the averaged graph; compare the graph

for LRTA? of Figure 5.3 (averaged) with that of Figure 5.2 (single episode).

Each graph shows the cases of � = 0, 0:2, and 0:5. As mentioned earlier, at

the extreme case of � = 0 the algorithm reduces to ordinary LRTA?. We can

see from these graphs:

� As � increases, the number of expanded states decreases. Thus, even

in gridworld domain as well as the �fteen-puzzle, introduction of �-

admissible heuristics is e�ective to reduce the amount of computation

62



100

200

300

400

500

600

700

800

0 50 100 150 200 250 300 350 400

So
lu

tio
n 

L
en

gt
h

Trials

LRTA* (ε=0.0)

ε=0.2

ε=0.5

LRTA* (ε=0.0)
ε=0.2
ε=0.5

Figure 5.3: Repeated �-LRTA? in gridworld: number of moves

necessary for convergence.

� On the other hand, as � increases, it becomes harder to obtain optimal

solutions. As the analysis in Chapter 4 shows, the converged solution

may be worse than the optimal solution by at most a factor �. For

instance, Figure 5.3 shows that when � = 0:5 the solution cost does not

convergence to optimal solution, but indeed fall within the factor 1.5 of

it.

� As � increases, the average solution costs decrease dramatically during
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Figure 5.4: Repeated �-LRTA? in gridworld: number of expanded states

the convergence. However, in the case of � = 0:2, for instance, the

solution costs often increase drastically all of a sudden after 200 trials.

This is because the problem solver at this point decided to seek for

another solution. This behavior is not speci�c to �-LRTA?, and can be

seen in original LRTA?, but in either case, the solution stability is still

not guaranteed in the convergence process.

To summarize, the use of overestimated initial heuristic function (with

adequate parameter �) may reduce the amount of computation required for
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convergence, but it does not contribute to the stability of the solution quality

during the convergence. We tackle this problem of instability of convergence

process, in the rest of the chapter.

5.3 Preliminaries

Let the state space be (X;A; k; S;G) as de�ned in Section 2.1; X is the set

of the states, A is the set of actions, k(�; �) de�nes the cost of every action

in A, and S and G are the sets of initial and goal states. Furthermore, this

chapter makes the following additional assumptions.

� Let the sets S and G be singleton, and denote the elements of each by

s and g, respectively; i.e., S = fsg and G = fgg.

� Let every action be reversible; That is, if k(x; y) is de�ned for some

states x and y, then k(y; x) is also de�ned (i.e., (x; y) 2 A implies

(y; x) 2 A corresponding to the underlying graph (X;A) being undi-

rected) and furthermore k(x; y) = k(y; x).

To emphasize that every action is reversible, we use the term adjacent

(or neighboring) states instead of parent or child ; for instance, we say

x is adjacent to y (or vice versa) to emphasize that both actions (x; y)

and (y; x) are in the set A and k(x; y) = k(y; x) holds.

Not all the problem domains satisfy these assumptions, but typical AI bench-

mark problems such as the gridworld and the sliding-tile puzzle fall into this

category. The e�ect of these additional assumptions are discussed in Sec-

tion 5.7.

5.4 Real-Time Search with Upper Bounds

5.4.1 Introducing Upper-Bound Heuristics

In this section, we propose the method to overcome the instability of solution

quality. The proposed algorithm, which we call Æ-search, uses two heuristic
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functions to guide the problem solver; in addition to the ordinary admissible

heuristic function h(�), we introduce another heuristic function u(�). While

h(x) gives a lower bound of exact cost h?(x) of each state x, the estimate

u(x) gives an upper bound of h?(x), and hence is generally inadmissible.

Let us see how this new heuristic estimates are maintained. First, as the

initial values, u(x) =1 for every non-goal state x, and u(g) = 0 at the goal

state g. Based on Bellman's optimality equation (2.1), we use the following

value update operation.

u(x) minfu(x); min
y2Chd(x)

[k(x; y) + u(y)]g: (5.1)

Thus, the upper-bound heuristic estimates start from in�nity and are nonin-

creasing by nature.

De�nition 5.1 The set of safe children of state x with respect to parameter

�, denoted by Safe(x; �), is de�ned as follows.

Safe(x; �) = fy 2 Chd(x) j k(x; y) + u(y) � �g : (5.2)

This de�nition states that even if we made a transition from x to one of

the members of Safe(x; �), we would still be able to reach a goal within the

cost of �, by following the least of the upper-bound heuristic estimates. The

idea behind Æ-search is that the problem solver avoids transition to non-

safe children, trying to maintain the guarantee of reaching a goal by the

predetermined deadline.

5.4.2 The Æ-Search Algorithm

Æ-search is a real-time search algorithm that never makes the solution cost in

each trial exceed the initial upper-bound heuristic estimate of the initial state

by a multiplicative factor (1+Æ). Such performance guarantee is realized with

the help of upper-bound heuristic function.

The pseudo code of Æ-search is depicted in Figure 5.5. The algorithm

repeats the cycle of value updates of heuristic estimates and action selec-

tion in Step 4, just as in LRTA?. The value-update rules (5.4) and (5.5)
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1. Initialize for each state z 2 X , h(z) with some admissible heuristic func-

tion h0(z), and u(z) with 1, except for the goal state g 2 G, where

u(g) 0.

2. Set the problem solver's current state x to the initial state s; i.e., x s

3. Set threshold �  (1 + Æ)u(s).

4. Repeat the following steps until x = g.

(a) Forward propagation of upper bounds:

For each adjacent state y of the problem solver's current state x,

update u(y) by

u(y) min [u(y); k(y; x) + u(x)] : (5.3)

(b) Look-ahead and value update:

Update estimates h(x) and u(x) with

h(x)  max

�
h(x); min

y2Chd(x)
[k(x; y) + h(y)]

�
; (5.4)

u(x)  min

�
u(x); min

y2Chd(x)
[k(x; y) + u(y)]

�
: (5.5)

(c) Action selection:

Move to a child y satisfying

y 2 argmin
y2Safe(x;�)

[k(x; y) + h(y)] ; (5.6)

i.e., x  y. If there are more than one such state, choose among

them arbitrarily (tie break).

(d) Recomputation of the threshold:

Set �  � � k(x; y);

Figure 5.5: Pseudo-code of Æ-search algorithm
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in Step 4b are the the same as LRTA? for lower-bounds, and is identical to

(5.1) described earlier for upper-bounds. There is another value-update op-

eration (5.3) in Step 4a, which partially computes (5.1). It propagates the

upper-bound estimates towards the children of the current state, in the op-

posite direction of (5.5). This step is essential for Æ-search to work properly;

without this step, exploration is suppressed too excessively and it becomes

hardly possible to learn better solutions in the subsequent trials3. The algo-

rithm also maintains the threshold � to be the remaining distance allowed to

move in the present trial, initialized at Step 3 and updated accordingly at

Step 4d. This threshold value is used for �ltering the child states allowed to

move, with the formula (5.6) in Step 4c.

Note that initially the algorithm sets initial threshold � to be (1+ Æ)u(s).

It follows that as an extreme case when Æ =1, condition (5.2) holds uncon-

ditionally, and Æ-search corrupts to ordinary LRTA?.

5.5 Properties of Æ-Search

This section analyzes the properties of Æ-search algorithm. At the outset, we

introduce some new notations used for the analysis. Let dj be the cost of

the path the problem solver has traversed in the present trial, departing from

initial state s and moving j times to reach current state x. Formally, at time

instant j (i.e., immediately after j-th move in the trial), let the path traversed

so far in the present trial be (x0; x1; : : : ; xj) where s = x0 and x = xj. Then,

dj =

jX
i=1

k(xi�1; xi):

Using this notation the value of threshold � in the algorithm at time j can

be rewritten as

� = (1 + Æ)u0(s)� dj : (5.7)

3If the state space contained irreversible actions, this update rule would have no e�ects.

See the discussion in Section 5.7.2.
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Furthermore, we use Safej(x; �) to denote the set Safe(x; �) at the time

instant j. This notation is necessary because even for �xed state x and

distance �, Safe(x; �) may change as the upper-bound heuristic values are

updated during problem solving.

Note that by the way upper-bound estimates are maintained, on deciding

j-th move at state xj�1 there should be at least one neighbor y of xj�1

satisfying y 2 Safej(xj�1; (1 + Æ)u0(s)� dj�1); otherwise, Æ-search might not

have chosen xj�1 as the destination on (j � 1)-st move.

Note also that Æ-search is complete, by the following arguments. First of

all, by the way upper-bounds are maintained, if u0(x) is �nite, then at any

time in the subsequent trials, the state occupied by the problem solver has

�nite u(�) value. Secondly, if u(x) of the problem solver's current state x is

�nite, the problem solver can reach the goal by following the states that gives

the minimum of k(x; y) + u(y) among the neighbors y of the current state x.

As the trial proceeds, the threshold � decreases, and hence such path will be

eventually traversed.

The following theorem states that Æ-search contributes to the claimed

stability of solutions.

Theorem 5.1 Suppose Æ � 0, and let the initial upper-bound heuristic u0(s)

of initial state s be �nite. Then, the solution cost obtained by performing

Æ-search is at most (1 + Æ)u0(s).

Proof. Let the path followed by the problem solver be (x0; x1; : : : ; xj) where

x0 = s and xj = x. Furthermore, let the path from x to goal g about to be

traversed by the problem solver be (xj ; xj+1; : : : ; x��1; x� ) where x� = g. By

equation (5.7), at time instant j, we can write condition (5.2) as

dj + uj(xj) � (1 + Æ)u0(s): (5.8)

By induction on j over inequality (5.8) and using the fact u� (x� ) = 0, we

have

d� � (1 + Æ)u0(s);
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which shows that the cost of the path traversed by the problem solver in this

trial is not more than factor (1 + Æ) of initial upper-bound u0(s). �

By this theorem, we see that once we have a �nite u(s) = u0(s) on the

initial state s at the beginning of the trial, we can guarantee the solution costs

in the subsequent trials to be at most a factor (1 + Æ) of u0(s). Note that

u(�) should be maintained carefully so that traversing towards the minimum

of k(x; y) +u(y) of the current state x eventually leads the problem solver to

the goal; otherwise, the completeness in each trial is not guaranteed.

At this point, we hit upon a question: with all the extra mechanisms

incorporated in the algorithm, does Æ-search generally converge to optimal

solution? The answer is aÆrmative for Æ � 2, but not necessarily so for Æ < 2.

The proof for aÆrmative case is based on the following observation. When

Æ � 2, the problem solver behaves just like repeated LRTA? with reset dis-

cussed in Section 3.4.1, until it travels the distance u0(s). The updates in

the subsequent moves are, actually, not needed for convergence at all.

Lemma 5.1 Let � = (x0; x1; : : : ; x� ) be the path traversed by the problem

solver, where x0 = s and x� = g. The following relation holds for time

j = 0; 1; 2; : : :

uj(xj) � dj + u0(s) (5.9)

Proof. The proof is by induction on time j. The base case when j = 0

is trivial. Suppose inequality (5.9) holds at some time j � 0. By update

formula (5.3) and by the supposition, we have

uj+1(xj+1) � k(xj+1; xj) + uj(xj)

� k(xj+1; xj) + dj + u0(s)

� dj+1 + u0(s);

where the last inequality follows from the de�nition of dj and the symmetry

of the cost function, i.e., k(xj ; xj+1) = k(xj+1; xj). �
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Theorem 5.2 When Æ � 2, the actions executed by Æ-search are identical to

LRTA? applied to the same state space and the same initial (lower-bound)

heuristic function h0(�), until the cost of the traversed path exceeds u0(s) and

up to the outcomes of tie-breaking.

Proof. Suppose at j-th move, Æ-search problem solver is about to make a

transition from state xj�1 to xj, whereas LRTA
? might choose another child

y 6= xj of xj�1 as the destination. By assumption,

dj�1 + k(xj�1; y) � u0(s): (5.10)

Suppose on deciding j-th move, y is excluded from the transition candi-

dates by Æ-search; i.e., y 62 Safej(xj�1; (1 + Æ)u0(s) � dj�1). By this and by

Lemma 5.1, we have

(1 + Æ)u0(s) < dj�1 + k(xj�1; y) + uj(y) � u0(s) + uj(y):

By assumption that Æ � 2, we have

2u0(s) � Æu0(s) < uj(y): (5.11)

On the other hand, by update formula (5.3) for forward propagation of upper

bounds, we have

uj(y) � k(y; xj�1) + uj�1(xj�1) � k(y; xj�1) + dj�1 + u0(s):

However, substituting (5.10) in this formula yields uj(y) � 2u0(s), which

contradicts formula (5.11). It follows that y 2 Safej(xj�1; (1 + Æ)u0(s) �

dj�1). Since LRTA? would chosen y as the successor, k(xj�1; y) + h(y) �

k(xj�1; xj) + h(xj). It follows that Æ-search could choose y as the successor

as well, unless the tie-breaking strategy have said otherwise. �

Since the distance u0(s) is suÆciently large to satisfy the prerequisite

for the convergence with reset, i.e., u0(s) � h?(s), the same argument is

applicable4.
4The updates of h(�) that might occur after traveling u0(s) distance do not interfere with

convergence property. This can be most easily understood with the help of Barto et al.'s

convergence proof via reduction to asynchronous dynamic programming [2].
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5.6 Experiments

Æ-search guarantees the worst solution cost of each trial. Unlike �-LRTA?

(except for the trivial case of � = 0), the paths followed by the problem

solver will converge to optimal solutions if suitable Æ is chosen. Note, however,

that since an upper-bound estimate is updated only locally in section 5.4.2,

the Æ-search is identical to LRTA? until the upper-bound estimate �nally

propagates from goal state g (where u(g) = 0) to initial state s. Therefore,

to take advantage of the feature of Æ-search, the upper bound of initial state

s must be �nite and updated as soon as possible to re
ect the results of the

previous search trials. For this reason, in the following experiments, every

time problem solving trial ends, we backtracked the obtained path in the

trial, i.e., backward from goal state towards initial state, updating the upper

bound heuristic estimates along the path using formula (5.3). Due to this

extra mechanism, the solution cost in each trial becomes at most factor (1+Æ)

of the cost of the path traversed in the previous trial.

Figures 5.6 and 5.7 display the performance of Æ-search (augmented with

the extra mechanism of propagating upper bounds between each trials, as

mentioned above) repeatedly applied to the gridworld of Figure 5.1, again

using the Manhattan distance heuristic function initially as h(�). Figure 5.6

plots the solution cost (number of moves), and Figure 5.7 shows the number

of expanded states (memory usage). All the �gures contain the results of

Æ = 0; 1; 2; and 1. When Æ = 0, the problem solver is satis�ed with the path

obtained in the �rst trial, and does not dare to explore anymore. On the other

hand, the behavior of the problem solver when Æ = 1 completely coincides

with ordinary LRTA?. From these �gures, we can observe the following.

� As the parameter Æ decreases, the number of expanded states decreases

as well, because the use of upper bounds has successfully restricted the

search region. Unfortunately, the restriction of search region does not

necessarily mean the speed-up of convergence process. For example, if

we compare the case with Æ = 0 and the one with Æ = 2 in Figure 5.6,

Æ = 2 requires more trials for convergence. This is because Æ-search uses
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Figure 5.6: Æ-search in gridworld: number of moves

upper-bounds not only to restrict the overall amount of exploration, but

also to limit the amount of exploration in each trial.

� As Æ decreases, the solution quality stabilizes dramatically. On the

other hand, as Æ decreases, it becomes harder to obtain the optimal

solution. Figure 5.6 shows, for example, when Æ = 1, the path traversed

by the problem solver is not an optimal solution.

� When Æ < 2, the greater Æ does not necessarily lead to better �nal

solution. For example, the solution quality is worse with Æ = 1 than
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Figure 5.7: Æ-search in gridworld: number of expanded states

with Æ = 0. This is because the value of Æ in this case is not suÆciently

large to improve solution quality.

The explanation of the last two results can be given by Theorem 5.2: to �nd

paths better than the one already found, we have to allow the problem solver

to traverse at least the cost necessary to cover round-trip of the best path

already found, i.e, Æ � 2.

The weighted LRTA? and upper-bound search are compatible; i.e., these

methods can be combined to take advantage of the both. We call the search
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Figure 5.8: �Æ-search in gridworld: a typical episode

algorithm �Æ-search. �Æ-search is identical to Æ-search, but an �-admissible

heuristic function h(�) is used initially instead of admissible one. �Æ-search

controls the amount of learning by the mechanism of �-search, and intends

to stabilize the convergence process by the use of upper-bound heuristic es-

timates. Figure 5.8 shows the performance of �Æ-search (with � = 0:2 and

Æ = 2) in the same gridworld of Figure 5.1. By comparing this graph with the

result of LRTA? in Figure 5.2, we can observe the e�ectiveness of �Æ-search. It

demonstrates that the weighted real-time search and the upper-bound search

can be combined to get a more liberty in control of the convergence process.

5.7 Discussion

5.7.1 Multiple Initial and Goal States

The reason we assume a single initial and goal state is just for brevity. We

believe it should not be diÆcult to construct Æ-search for the state space with

many initial and goal states. For example, even if there exist two or more

goals, the situation with single goal state is easily obtained by transforming

the state space as follows:

1. Add a virtual goal state (which constitutes the only goal state in the

transformed state space).
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2. Make virtual edges from each real goal state to the virtual goal state

just created.

3. Assign uniform cost to each virtual edge created.

4. Treat real goal states as ordinary non-goal states in the transformed

state space.

To be precise, a state space (X;A; k; S;G) with multiple (jGj > 1) goal states

is transformed into (X [ fgg; A [ A0; k0; S; fgg) where g 62 X, A0 = f(x; g) j

x 2 Gg and k(x; g) = � for every x 2 G, where � is some constant.

5.7.2 State Space with Irreversible Actions

The other assumption we made speci�cally in this chapter is the reversibility

of all the actions. At a glance, it may seem that Æ-search in a state space

with irreversible actions incurs only performance degradation but preserves

convergent property as in LRTA?. Unfortunately, it does not5.

The following simple example exhibits that the Æ-search fails to converge

to the optimal solution if the state space contains irreversible actions. Con-

sider the state space given by (X;A; k; fsg; fgg), where

� Set of states X = fs; g; x; y; zg

� Set of actions A = f(s; x); (s; y); (y; z); (x; g); (z; g)g

� Cost function k(s; x) = k(s; y) = k(y; z) = 3, k(x; g) = k(z; g) = 1

� The sets of initial states and goal states are both singleton.

Figure 5.9 illustrates the state space described above. The nomenclature is

as follows.

� A circle denotes a state, and an edge denotes an action.

5I would like to thank one of audience at my presentation at AAAI-96 who made a

question on the e�ect of irreversible actions. It reminded me to reconsider my misjudgment

that they incur only corruption to LRTA? at worst but preserve convergence.
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Figure 5.9: State space with irreversible actions

� All the actions in the state space of this �gure are irreversible. Tran-

sition is possible only to the direction of the arrow head (i.e., it is not

possible to move backwards towards the tail of the arrow). For ex-

ample, the existence of an arrow s ! x in the �gure, together with

nonexistence of x ! s, depicts (s; x) 2 A, and also (x; s) 62 A, thus

direct transition from x to s is disallowed.

� The number labeling each edge (action) is the cost associated with the

action by k(�; �).

� The numbers in the circle (state) display the initial heuristic estimates

assigned to the state. The one at the upper side shows the upper-bound

heuristic u(�), and the lower one is the lower-bound heuristic h(�).

The optimal path in this state space is (s; y; z; g) with the cost of 5. This h(�)

does satisfy the admissibility as well as consistency (or monotonicity), and

this phenomenon is not because we used unnatural heuristic values as h(�).

Figure 5.10 illustrates how the problem solving episode proceeds when

Æ-search is repeatedly applied to the state space of Figure 5.9. Nomenclature
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is the same as Figure 5.9, but with the following modi�cations.

� The circle with bold trim indicates the state currently occupied by the

problem solver.

� The numbers in the circle represent the heuristic estimates at the in-

stant, and not the initial values.

� An arrow with bold line indicates selected action, and a dotted arrow

indicates an action that are excluded from selection because they violate

formula (5.2) of Æ-search.

� White numbers indicate that the value is updated and changed.

When second trial terminates (Figure 5.10(f)), h(�) and u(�) values of

each state are all convergent. Therefore, in the subsequent trials, the problem

solver continues to traverse the path (s; x; g) without performing any updates

of the heuristic estimates. Unfortunately, however, the path is not optimal.

All actions are irreversible in the above state space, but even when every

action were reversible, if the costs associated with an action and its counter-

action were di�erent, the same phenomenon could still occur. For example,

consider the state space constructed by adding for each action in the state

space of Figure 5.9, a counter-action with a gigantic cost, e.g, uniform cost

of 100. In this case, at the �rst move in the second trial, upper-bound value

u(y) of state y is updated with the upper-bound estimate of s. The new

value is then u(y) = k(y; s) + u(s) = 100 + 6 = 106. Therefore, unless

(1 + Æ)u(s) � k(s; y) + u(y) = 3 + 106 = 109 (i.e., Æ � 17:166666 : : : ) the

problem solver never tries to move from s to y.

Remark 5.1 Neither irreversible property nor asymmetry cost of actions

does not a�ect o�-line search in which the problem solver is not situated in

the environment. It is not an obstacle for LRTA? either, since the objective

of LRTA? is merely reaching goal state, no matter how long it takes.

In domains with irreversible or actions with asymmetric costs, if one wants

to �nd an optimal solution, one has to try one of the irreversible actions
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Figure 5.10: Æ-search in the state space with irreversible actions
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at the risk of losing the stability of solution quality. The above example

suggests that the task of improving the solution quality while maintaining

stability is fundamentally diÆcult in such domains. We might need some

relaxed de�nition for stability, for example, by allowing the problem solver

to perform a small number of reset operation to cut o� the trial at its will.

5.7.3 Note on Combining Æ-Search and Weighted LRTA?

Besides �Æ-search depicted in Section 5.6, there is another possibility in the

way �-LRTA? and Æ-search are combined. This new approach preserves the

property of convergence to optimal solution, and still achieves the stability

of convergence process that Æ-search provides. In this method, we apply

�-LRTA? in the beginning of the episode until convergence to �nd a good

reference path to the goal, and then switching to the upper-bound search.

In Chapter 4, it was shown that �-LRTA? often arrives at the goal faster

than normal LRTA? by adding more depth-�rst 
avor to the behavior of

the problem solver. And since the amount of degradation of the converged

solution is known analytically in advance, this gives us more liberty to control

the convergence process.

5.8 Summary

In this chapter, we showed that with Æ-search it is possible to achieve �ne-

grained control of convergence process. If we use Æ-search with appropriate

parameter Æ, stable performance can be guaranteed after the �rst trial. This

stability is obtained by the virtue of upper-bound heuristics we have intro-

duced. This shows that Æ-search acts as an e�ective balancer of the future

investments and the present problem solving eÆciency. Æ-search is also com-

patible with �-LRTA? of Chapter 4, which avoids paying too much e�ort on

minor performance improvement.
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Chapter 6

Completeness of the

Moving-Target Search When

Heuristics Overestimate

6.1 Introduction

Real-time search algorithms enjoy the 
exibility stemming from their inter-

leaving of planning and action execution. This feature opens the possibility

of adapting themselves to changing situations in a way which is impossible

for traditional o�-line search methods.

The Moving-Target Search (MTS) algorithm, developed by Ishida and

Korf [14, 11, 12, 15], is a real-time heuristic search method that takes ad-

vantage of this feature to cope with goals changing their locations during

the course of problem solving. Under certain reasonable assumptions, the

algorithm is complete, in the sense that it never fails to capture a goal (tar-

get). Although it can naturally be seen as an extension of the stationary goal

search algorithm LRTA? [23], they di�er in several points. This raises the

following questions.

� MTS �rst compares the current estimate with those from the neigh-

boring states before an update in a similar manner as in max-version
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LRTA? (formula (3.19)); the estimate is updated only when one of the

latter is greater than the former, hence is forced to be nondecreasing.

On the other hand, Korf's original LRTA? lacks this process of com-

parison, yet is known to preserve completeness. Is it really necessary

to force heuristic estimates to be nondecreasing for the completeness of

MTS?

� It is known that LRTA? is complete even if the initial heuristic esti-

mates are inadmissible, or, overestimating the exact costs. In contrast,

Ishida and Korf claim the use of admissible initial heuristic estimates

is essential for the completeness of MTS [15, Section X, last sentence].

What makes the di�erence between the two methods, although they

seem to share the same technique for the proof of their completeness?

In this chapter, we extend Ishida and Korf's proof technique, to answer

the above questions with the following discoveries.

Proposition 6.1 On updating a heuristic estimate, there is no need to com-

pare the current value with those from the adjacent states.

Proposition 6.2 The completeness is not a�ected by the use of inadmissible

heuristics.

6.2 Moving-Target Search

In this section, we review the problem addressed by the MTS algorithm, which

we later refer to as MTS problem. We start with the informal and intuitive

description of the problem, and later develop it into the formal de�nition.

6.2.1 Informal Description of the Problem

The MTS problem involves two agents, called a problem solver and a target,

both traveling in a deterministic state space of which
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1. both the numbers of states and actions are �nite;

2. every state is reachable from every state; and

3. all actions are reversible (i.e., has a counter-action) and cost uniformly

one.

In addition,

(4) the state space contains no actions that does not change the location

of the agent.

The task of the problem solver, for whom we are responsible, is to catch

(i.e., to occupy the same state as) the target who is totally out of control of

the problem solver. Stated di�erently from the standpoint of the algorithm

design, our objective is to �nd a strategy for the problem solver that can

e�ectively and eÆciently catch the target. The problem solver has no clue

on the behavior of the target; it can only observe the position of the target,

which actions are available at their present states, and the outcome of these

actions. On the other hand, the target may or may not have the complete

knowledge of the problem solver. Since it is hopeless to always catch the

target that moves much faster than the problem solver, it is assumed that

the problem solver has a speed advantage over the target, however small it

might be.

As usual with the real-time search model, the problem solver is required

the real-timeliness, in the sense that there is a limit on the time and resources

allowed to commit to an action. in each state; In this chapter, this constraint

will be modeled by restricting the problem solver to the look-ahead of depth

one.

6.2.2 Formal Description of the Problem

Now we formulate the MTS problem formally. The present chapter is con-

cerned with the situation with two agents, and therefore requires introduction

of new concepts as well as the rede�nition of the already introduced concepts.
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Let N be the set of natural numbers including 0, and R be the set of

reals.

The state space in which the agents are traveling is formulated by a graph

(X;A), which is �nite, undirected, simple, and connected. Here, X is the

�nite set of nodes, or states, and re
exive relation A � X �X is the edges

between states. Since the graph is simple, we identify the set of actions with

the set A of edges; the state pair (u; v) 2 A means there is an action available

at state u that makes the agent move to v (we hereby call such action as action

(u; v)). It follows that since there is no action that leaves the agent at the

same state, there is no loop (i.e., cycle of length one) contained in the graph;

i.e., (v; v) 62 A for any v 2 X.

In such a state space, it is well known that the optimal (or exact) cost

function h? : X � X 7! R is de�nable, where h?(u; v) denotes the shortest

distance between states u; v 2 X.

Generally, the problem solver does not know the optimal cost function h?,

however, it has at hand an inexpensive mechanism to compute an estimate

h(u; v) of h?(u; v) for each state pair (u; v). This estimate is called heuristic

estimates, or simply heuristics.

When u; v 2 X and w = (u; v) 2 X2 is a pair of states, we use h(w)

and h?(w) as the shorthands for h(u; v) and h?(u; v), respectively. If no

information is available as to the optimal costs, we can use zero-heuristic

function that gives h(u; v) = 0 for all (u; v) 2 X2.

Admissibility is a property of a heuristic function that it never overesti-

mates the optimal cost. In other words, such heuristics always give optimistic

estimates of the distance between the problem solver and the target. Ishida

and Korf's MTS algorithm is known to catch up a target when the heuristic

function enjoys this property. In the following discussion, however, we do not

require the heuristic function be admissible1.

To measure the quality of (possibly overestimated) heuristics, the notion

of admissibility is extended to allow a �xed amount of error. The following

1In this chapter, the only property required for the heuristic function is that it always

return a �nite value.
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de�nition involves two similar but slightly di�erent formulation, concerning

how the amount of overestimation is evaluated relative to the actual cost.

De�nition 6.1 The heuristic estimate h(u; v) of state pair (u; v) 2 X2 is

said to be e-additively-admissible i� it does not overestimate the optimal

cost h?(u; v) up to an additive factor e; i.e., h(u; v) � h?(u; v) + e.

The heuristic estimate h(u; v) is �-multiplicatively-admissible i� it does

not overestimate h?(u; v) up to a multiplicative factor of �; i.e., h(u; v) �

(1 + �)h?(u; v).

Heuristics that assign e-additively-(resp. �-multiplicatively)-admissible

value to every state are called e-additively-(resp. �-multiplicatively)-admissible

heuristics.

0-additively-(or -multiplicatively)-admissible heuristic function is simply

called admissible.

6.2.3 Modeling the Speed of Agents

We model the speed advantage of the problem solver in a manner as follows.

A problem solver's move and a target's move are performed alternately

except when the target skips (or fails to make) its move. The problem solver,

on the other hand, never fails to make a move. Formally, we introduce the set

of �ctitious discrete time instants identi�ed with N, and partition it into two

disjoint sets NT of odd numbers and NP of even numbers. NT corresponds

to the set of times at which the target is allowed to move, and NP the times

when the problem solver is allowed to move.

As a result, we only take into account the situation where the target moves

�rst, unless it skips its �rst move. This is not a restriction, since the case

where the problem solver moves �rst can be identi�ed with the case where

the target skips its �rst move.

To formulate the target's skipping its move, we further introduce the set

Skip � NT of times at which the target could have moved but actually would

not (or would fail to do so). In this case, both the problem solver and the
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target remain at their present states, and no extra deliberation is allowed for

the problem solver.

We make the assumption that the target skips its move ad in�nitum, i.e.,

the problem solver retains its speed advantage, stated as follows.

Assumption 6.1 (Continuing Skips) The set Skip is in�nite. �

Let Skip(t) be the set of times at which the target is skipping its move,

before and including time t. Formally,

Skip(t) = f� 2 Skip j � � tg:

In particular, we de�ne Skip(0) = ;. This implies

Skip(2n) = Skip(2n� 1) for all n 2 N: (6.1)

and if we let ISkip be the indicator function of Skip, i.e.,

ISkip(t) =

(
1; if t 2 Skip;

0; if t 62 Skip;
(6.2)

then, observe that

jSkip(t)j =

tX
�=1

ISkip(�); (6.3)

which we will shortly use in our completeness proof.

Note that Assumption 6.1 implies

lim
t!1
jSkip(t)j =1: (6.4)

6.2.4 The MTS Algorithm

Ishida and Korf proposed MTS algorithm as a solution to the above men-

tioned MTS problem. The algorithm, formulated under our previous de�ni-

tion of the problem, is depicted in Figure 6.1. The variables x and y are used

to denote respectively the locations of the problem solver and the target, and

t is the number of iterations.
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1. For each u; v 2 X, initialize h(u; v) with some initial heuristic func-

tion h0; i.e., h(u; v) h0(u; v).

2. Observe the initial location x = x0 of the problem solver.

3. Observe the initial location y = y0 of the target.

4. Repeat for t = 1; 2; : : : , until x = y,

� If it is problem solver's turn to move, i.e., t 2 NP , update

h(x; y) by

h(x; y) min
(x;z)2A

h(z; y) + 1; (6.5)

and move to an adjacent state x0 s.t.

x0 2 argmin
(x;z)2A

h(z; y); (6.6)

i.e., set x x0.

� Otherwise, if the target has successfully moved from y to an-

other state y0, i.e., t 2 NP � Skip, then update h(x; y) by

h(x; y) h(x; y0)� 1: (6.7)

Set y  y0.

Figure 6.1: Pseudo-code of the Moving-Target Search algorithm
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Remark 6.1 The algorithm of Figure 6.1 contains di�erent value-update

formulas from the original version by Ishida and Korf. Their original formulas

are

h(x; y) max

�
h(x; y); min

(x;z)2A
h(z; y) + 1

�

when the problem solver moves, and

h(x; y) max
�
h(x; y); h(x; y0)� 1

�
when the target moves, instead of formulas (6.5) and (6.7), respectively.

These original formulas force the heuristic estimates to be nondecreasing.

For the proof of Proposition 6.1, we removed the max operation from the

update formulas. The following argument is equally valid with trivial modi-

�cation when the heuristics are forced to be nondecreasing as in the original

paper.

Throughout the subsequent analysis, we use xt and yt respectively to

denote the locations of the problem solver and the target at the beginning of

t-th iteration of Step 4, and ht(u; v) to denote the heuristic estimate h(u; v)

at the same instant2. Combining the above notation with the formulas (6.5)

and (6.6), we obtain

ht(xt�1; yt�1) = ht(xt; yt) + 1 = ht�1(xt; yt) + 1 (6.8)

when the problem solver moves at t-th iteration. Similarly, when the target

moves at t-th iteration, we have from equation (6.7),

ht(xt�1; yt�1) = ht(xt; yt)� 1 = ht�1(xt; yt)� 1: (6.9)

In either case,

ht(u; v) = ht�1(u; v)

holds for any (u; v) 6= (xt�1; yt�1) 2 X
2.

2This notation is compatible with the one we have already introduced, viz. the initial

states x0 and y0 and the initial heuristic function h0.
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6.3 Completeness of the MTS Algorithm

A heuristic search algorithm is said to be complete if the problem solver never

fails to arrive at a goal state. In the MTS setting, since the target changes

its location during the course of the search, an algorithm is complete if the

problem solver eventually catch up a target.

We will establish the completeness of MTS through a series of lemmas.

First, we show that updates of heuristic estimates preserve e-additive-admissibility.

Lemma 6.1 is the main achievement of this chapter, that generalizes the result

of the original MTS paper to the case of inadmissible heuristics.

Lemma 6.1 For any constant e � 0, if the initial heuristic estimate is e-

additively-admissible for every pair of states, then updates of MTS preserve

the same property.

Proof. The proof is by induction on time t. The base case is trivial. Assume

that at time instant t, we have ht(u; v) � h?(u; v) + e for each pair (u; v) of

states before an update. We will show that ht+1(u; v) � h?(u; v) + e holds

for each (u; v) 2 X2.

Case (i) Update accompanying a problem solver's move: Suppose t-th iter-

ation belongs to problem solver's turn, i.e., t 2 NP , and the problem

solver has moved from state xt to state xt+1, while the target is at

state y = yt = yt+1. In this case, the heuristic estimate a�ected by the

update is only the one at the state pair (xt; y). We have

ht+1(xt; y) = ht(xt+1; y) + 1

= min
(xt;z)2A

ht(z; y) + 1

� min
(xt;z)2A

[h?(z; y) + e] + 1

= h?(xt; y) + e:

Case (ii) Update to compensate for the target's move:
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Suppose t-th iteration belongs to the target's turn, and the target has

succeeded in moving from state yt to state yt+1, i.e., t 2 NT � Skip,

while the problem solver remains at state x = xt = xt+1. Since yt and

yt+1 is only one unit apart,

h?(x; yt+1) � h?(x; yt) + 1:

It follows that

ht+1(x; yt) = ht(x; yt+1)� 1

� h?(x; yt+1) + e� 1

� h?(x; yt) + e:

In either case, since the heuristic estimates for any other state pair besides

(xt; yt) do not change with the t-th move, the statement of the lemma follows.

�

Remark 6.2 The multiplicative counterpart of Lemma 6.1 does not hold.

To be speci�c, �-multiplicative-admissibility may be violated by the updates

accompanying target's moves. �

Now let us de�ne the quantity Ht as

Ht =
X
w2X2

ht(w)� ht(wt);

where wt = (xt; yt) is the pair of states occupied by the problem solver and

the target at time instant t. This de�nition is reminiscent of the heuristic

disparity of the original paper [15], and Ht essentially plays the role of the

latter in our restated proof.

Since there is an upper bound of the heuristic estimates, we have an upper

bound of the quantity Ht as well.
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Corollary 6.1 If the initial heuristic function h0 is �nite (but not necessarily

admissible), then for all t 2 N, Ht has an upper bound s; i.e.,

s =
X
w2X2

[h?(w) + e] ;

where e is the maximum amount of overestimation, i.e.,

e = max

�
0; max

w2X2
[h0(w) � h?(w)]

�
:

The following lemma states that the amount of speed advantage of the

problem solver accumulates upon the quantity Ht.

Lemma 6.2 The following relation holds for all t 2 N.

jSkip(t)j =

(
Ht �H0 + 1; if t 2 NT ;

Ht �H0; if t 2 NP .
(6.10)

Proof. The proof is by induction on t. If t 2 NT (target's move),

� and if t 2 Skip, then

Ht = Ht�1; (6.11)

since the target does not move and hence update does not take place.

� Otherwise, t 62 Skip, thus

X
w2X2

ht(w) =
X
w2X2

ht�1(w) � ht�1(wt�1) + ht(wt�1)

=
X
w2X2

ht�1(w) � ht�1(wt�1) + ht(wt)� 1;

or, equivalently,

Ht = Ht�1 � 1: (6.12)
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Using the indicator function ISkip (see equation (6.2)), equations (6.11) and

(6.12) can be restated as a single equation

Ht = Ht�1 � 1 + ISkip(t): (6.13)

On the other hand, if t 2 NP (problem solver's move),X
w2X2

ht(w) =
X
w2X2

ht�1(w)� ht�1(wt�1) + ht(wt�1)

=
X
w2X2

ht�1(w)� ht�1(wt�1) + ht(wt) + 1;

or,

Ht = Ht�1 + 1: (6.14)

Summing equations (6.13) and (6.14) over t = 1; 2; : : : , we have

Ht =

8>>>><
>>>>:

H0 � 1 +

tX
�=1

ISkip(�); if t 2 NT ;

H0 +

tX
�=1

ISkip(�); if t 2 NP .

The statement of the lemma is derived by using equation (6.3). �

Finally, the following theorem extends the result of Ishida and Korf's

completeness theorem to the case of inadmissible heuristics.

Theorem 6.1 MTS is complete, if the initial heuristic estimate is �nite (but

not necessarily admissible) for every pair of states.

Proof. Assume on the contrary that the problem solver cannot catch the

target forever. Then, by Assumption 6.1, jSkip(t)j increases without bound

(see equation (6.4)). Hence, from equation (6.10) we have

lim
t!1

Ht = lim
t!1
jSkip(t)j =1;

but this contradicts the boundedness of Ht implied by the �niteness of initial

heuristic estimates and Corollary 6.1. �
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6.4 Related Work

The use of overestimated heuristics dates back to Pohl [31] who analyzed their

e�ect on the o�-line search. The idea was later applied to real-time search

for stationary goals by Ishida and Shimbo [16] with the aim of improving the

behavior of convergence process. The detailed result of their work, including

the completeness property as well, and several extensions are discussed in

Chapter 4 of the thesis. The idea of measuring the amount of overestimation

additively is due to Harris [9], again for o�-line search. Based on decision-

theoretic analysis, Koenig and Simmons [21] introduced a beautiful idea to

cope with non-determinism in the state space. As the existence of the moving

target inherently incurs non-determinism, they brie
y mention the applica-

tion of their minmax-LRTA? algorithm in the MTS setting as well. They

use the max-version update formula to force consistency and assume admis-

sibility. It should be interesting to analyze whether inadmissible heuristics

work with minmax-LRTA?.

6.5 Summary

The contribution of this chapter is summarized as follows.

1. On updating the heuristic estimates, there is no need to compare and

take the maximum of the current value with those from the adjacent

states, insofar as the completeness is concerned.

2. The completeness is not a�ected by the use of overestimated (or inad-

missible) heuristics.

The second item extends the class of the heuristic function usable by the

Moving-Target Search algorithm. The impact of the �rst item might seem

relatively weaker compared to the second. But this clari�ed that forcing

the estimates to be nondecreasing is not required by the problem setting of

MTS, but is introduced for the sake of eÆciency. Furthermore, it may have

a potential merit when the heuristics are inadmissible, since removing the
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max operation may sometimes lead to more accurate heuristic values in that

case; even though forcing the heuristics to be nondecreasing can be justi�ed

from the standpoint of eÆciency when the heuristics are admissible, it may

sometimes make the value more inaccurate when they are inadmissible. This

might lead to worse converged policy through the repeated problem solving

trials.
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Chapter 7

Conclusions

7.1 Summary

This thesis centered on two issues of real-time heuristic search that had not

been pursued previously.

1. The utility of nonstandard heuristic function.

We studied the e�ect of heuristic functions that violate two properties

that have been taken for granted: admissibility and consistency.

2. The analysis of learning process.

We conducted an analysis of how learning progresses.

In the pursuit of the above topics, the following results were obtained.

1. A new technique for proving the convergence.

We presented a technique for proving the convergence of LRTA? al-

gorithm. The derived proof, being an extension of the proof of the

completeness, is not only succinct and intuitive to understand, but also

helps to clarify the link between the two important properties of real-

time search, namely, the completeness and the convergence.

2. Weighted LRTA? for tolerating suboptimal solutions.

95



We discovered the previously unknown property of LRTA? algorithm

that it can converge to a suboptimal solution instead of optimal one,

under overestimated heuristic function. It was also found that it is

possible to predict the amount of deterioration of the converged solu-

tion if one knows the amount of overestimation of the initial heuristic

function.

The experimental result showed that it is also possible to reduce the

search e�ort needed for convergence at the sacri�ce of optimality. This

result appeals to the application domains in which it is inherently in-

tractable to seek for optimal solution, but suboptimal solution is equally

feasible in practice. Most of the applications, even \toy" problems such

as the sliding-tile puzzle, fall into this category.

3. The Æ-search algorithm for stabilizing the convergence process.

We pointed out the two intrinsic drawbacks of real-time search dur-

ing the convergence process: failure to balance exploration-exploitation

trade-o�, and instability of solution quality during convergence.

We showed that these drawbacks can be overcome by using an inadmis-

sible heuristic function along with the conventional admissible one. The

new heuristic is used for maintaining the upper bounds of the actual

costs to the goal, while the admissible heuristic maintains the lower

bounds as in LRTA?. We proved both theoretically and experimen-

tally that Æ-search, our new algorithm featuring the above mechanisms,

guarantees stable improvement of solution quality during convergence.

When this algorithm is combined with weighted LRTA?, we obtain �ne-

grained control the convergence process.

4. Analysis of the e�ect of inconsistent or overestimated heuristics in the

case of moving target search.

In moving target search (MTS) problem, the state space is completely

di�erent from that of single-agent search because of the existence of the

target, or, the changing goal.
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We resolved the di�erence between the stationary-goal search algorithm

LRTA? and the MTS algorithm by Ishida and Korf on the use of in-

consistent heuristic function. In particular, we showed that the MTS

algorithm is complete even under inadmissible heuristic function, on the

contrary to what was believed. This result contributes to extending the

class of heuristic functions usable for moving target search problem.

These results contribute to further improving the 
exibility and applicability

of real-time search; it is now proven that even nonstandard heuristic functions

have a role in real-time search, as they often provide e�ective means for

controlling the learning process.

7.2 Future Directions

We conclude this thesis with the list of possible future research directions.

� General convergence proof that covers the case of inadmissible heuristic

function.

Although the proof technique we proposed in Chapter 3 covers the

whole class of admissible heuristic function, it fails to prove the con-

vergence when the function is inadmissible. The diÆculty lies in that

the converged solution cost is not known in advance, as opposed to

admissible case.

� A theory that well accounts for the performance improvements achieved

by weighted LRTA?.

Although we have demonstrated experimentally that excessive explora-

tion can be suppressed by weighted LRTA?, we do not have the theory

that well describes this fact. For example, although the bound obtained

from inequality (4.6) is worse than that of LRTA?, adequate increase in

the initial heuristic estimates do improve the performance of real-time

search in the domains such as the gridworld and the �fteen-puzzle.
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� Methodology for controlling the convergence process in more uncertain

domains

The state spaces involving irreversible or asymmetric cost actions are

intrinsically diÆcult to obtain a stable learning process in the sense of

Chapter 5. It seems that some other criterion is needed to rede�ne

what \stable" performance improvement means. One possible solution

would be to incorporate the ideas from computational learning theory,

such as mistake-bound online learning [24] and \homing sequence" [34].

� A theory on the e�ect of heuristic function on real-time search.

Although we have derived several upper bounds on the number of

moves performed by real-time search algorithms (e.g., formulas (3.10)

or (3.15)) in this thesis, they only give a guarantee for the worst case

performance. We need a theory that accounts for how the performance

of real-time search is a�ected by the topologies of the state space and

of initial heuristic function.
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