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Abstract
The crowdsourcing is considered as a new problem solving method using out-
side agents. In the crowdsourcing market, contractees announce their tasks,
and then each of contractors chooses a task and reports the result if he/she
completed the task. The contractee receiving reports from the contractors se-
lects the best solution, and then pays reward to the contractor who reported
the best solution.

However, there is not enough accumulation of knowledge about the operation
and the management of the crowdsourcing market because of the novelty. When
contractors are interested in their own utility, they select tasks selfishly and
may gather the specific task. As a result, the allocation of tasks might be
inefficient. If the impact of the property of tasks and the type of contractors on
the social efficiency is revealed, we can get the guideline for dealing of tasks in
the crowdsourcing market, and build a new problem solving mechanism based
on the knowledge.

This paper considers the mechanism of crowdsourcing, and analyzes the
social efficiency of it. Issues in the analysis of the social efficiency are listed as
follows.

Modeling of the task allocation in the crowdsourcing market In many
researches of resource allocation, it is assumed that each agent strategi-
cally reports its information, and discuss the determination mechanism of
the allocation calculated by the reported information. Meanwhile in crowd-
sourcing, there is no top-down allocation because contractors autonomously
select the task and carry it out. Therefore, we need to build a new model
focusing on the strategic task selection.

Analysis of the social efficiency as a market In crowdsourcing market,
the probability of successfully completing tasks becomes high and the social
surplus is expected to be improved because tasks are carried out in parallel

by contractors. However, the social inefficiency is also conceivable because
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too many contractors might carry out the specific task. we need to know
the impact of the asymmetry of tasks and the asymmetry of contractors on
the efficiency as task allocation mechanism.

To solve the above issues, this paper formalizes the strategic task selection of
contractors in crowdsourcing based on the congestion game. This paper defines
the surplus ratio as the ratio between the social surplus in equilibrium and the
optimal social surplus, and analyzes what extend the surplus ratio declines.
This paper approaches the social efficiency analyses through two methods: one
is the analysis of average impact of the asymmetry of tasks or contractors, and
the other is that in the worst case of crowdsourcing models.

The contributions of this research are as follows.

Efficiency analyses in the case of asymmetric tasks and contractors
It is sufficient to analyze the surplus ratio for each combination of task al-
locations if the pure Nash equilibrium exists. This paper showed that a
crowdsourcing with single type contractors had at least one pure Nash
equilibrium, and that it was possible to generate an algorithm finding pure
Nash equilibrium in the case of two tasks and two types, and so on. This
paper analyzed the class having pure Nash equilibrium from these results,
and revealed the parameter-dependent impact on the surplus ratio.

Theoretical analyses in the worst case equilibrium Previous congestion
games assume that the amount of cost monotonically increases with the
number of players, that is, the social surplus monotonically decreases. How-
ever, it might increase in crowdsourcing market because mass participation
of contractors might boost the probability of successfully completing the
tasks. This paper considers a crowdsourcing model as a new congestion
model, and theoretically analyzes the efficiency in the worst case equilib-
rium. This paper showed that the social surplus in the worst case equi-
librium was higher than half of the optimal social surplus in the restricted
version of crowdsourcing game by applying ”valid games”.

The above contributions gave us a useful guideline on building a new problem
solving market by crowdsourcing, and gave us a basic knowledge for designing

an efficient task allocation mechanism in the future.



11

guoouoboooooobobuooood
guoooobobooooboood
gg og
goon
UO00OWebOOOUOOoOOooooooooobooouobouobobooboobonog
gbobobobooooobobobob Webb o oboboooooO
gbooboooboWebdOOoboooobooooboboobobooobo
ggbbobugobobbooogbobuooooboboooobobobooan
ggbbobuoogobbboooobooboooobbobooooboo
gogbboboooobobooogobbooooobobobboboood
gogbbobugobobbooogbobuoooboboooobbobooan
gbooobgbogbobuooboboobobooboooboobobod
gobbobuoogobboboooobobuooooboboooobbobooon
gogbbobuoooboboboooobobbuooooboboooobbbooon
gogbbobuoooboboboooobobuoooobboooobbbooon
gogbboboooboboboooobbobuooooboboooobbobooon
gogbboboooboboboooobobbuoooooboooobbbooon
gobboboooboboboooobobbuooooboboooobbbooon
goooog
gbgoboobobboboobuooboobob obbobooboo
gbgobobbobooboobgooboboboboobooboob
gbogobobbobbooboobgobooboboobooboob
gbboobodgbboobbuoobbobbodobbuoobboodoboo
gbbooobobooboboodobbuooboboodobboboobobd
gbbodgboogoboobboobbooboobbuoobbodboo
ggbbbuoooobbbuoodoobbbuood bobbooboobobdd
gobbboodobbbuoooobbbuooobbboooobbboo
gobboobbbuoooobbbuoooobbbuoooobbboood
gobbbooobbbuoooobbbuooobbboooobbboao
gobbbooobbbuoooobbbuooobbboooobbobao
gobbbooobbbuoooobbbuooobbboooobboboo



v

gobbobuooogbbobogo
ggbbbuoooobbbooogbobobboooobboboooobobboo
gbbogbobuooggbooobobbuoooboooboooboboboon
gogbbobogobbboooobbbuoobbboooobbbooan
ggbbobuooobboboooobobuooobboboooobbobuooan
ggboboboobbbooooobobobuooogbobbbooooobboboood
ggbbobuogobboboooobbbuooobboboooobbobuooan
gob20000000000400
gobbobuoooobbooo200000
ggbbbuogobbbooogboobobuoooobb oooboboboodoo
gobbbuooobbbuoooobbbuooobobboooobbboo
ggbobobobbuooooooooobobooooooobobbogo
gobbbooobbbuoooobbobooobobboooobbbod
gbbogobodgboboobdobubogboobboobbog200
go20dbogobuogbbodgbbouobooooboooboanon
gobbbooobbbogoobbboooobboooobbbod
gobbbogobbbuogoobbbuoooobboooobbboo
gobbbooooboboboooon
gogbbobugoobboooooobuood bbouooobboboooo
gooobobogbobogbuooboobobuooboboobaon
gobbbugoobbbuoooobobbooooboobobboood
gobbbooobobboooobbbuoooobboooobboboo
gobbbuoooobboboobboooobboboooobboboood
gobbbooobobobuoooobbbuoooobboooobobooboo
gobbbooobobbuoooobbboooobbooouobboboa
gobbbooobobobboooobbobuoooobboooobbbod
gobbboooobobuoooobbboooobboooobboboo
gobbboooboboboooobbboooobboooobbboa
gobboboooobbboooobobog
gb20000000000000D000b000b000ObO0O0OO0ObbOOn
gboobobbobboboobuooboobobbobooboobon
gboobugobobbobobobooboob



Analyses of Contractors’ Nash Equilibria on the
Problem Solving Mechanism by Crowdsourcing

Contents

Chapter 1 Introduction

Chapter 2 Related Works

2.1  Congestion games. . . . ............. ... ...

2.2 Efficiency analyses . ... ....... ... ... ... ....

Chapter 3 Model
Chapter 4 The Pure Nash Equilibrium

Chapter 5 Single Type Contractor Case

5.1  The number of contractors ..................
5.2 The probability of success . . .. ...............
53 Anamount of reward .. ... .. ... ... . ... . ... .

5.4  Cost for completing a task .. ................

Chapter 6 Multiple Types Contractor Case

6.1  Sufficient large number of contractors. .. ........

6.2 Specialistsof tasks . .. ...... ... .. ... .. .. ...

Chapter 7 The Price of Anarchy

7.1  The class of valid game . . . .. ................

Chapter 8 Conclusion
Acknowledgments

References

14

20
21
25
27
30

31
33
33

36
38

43

46

47



Chapter 1 Introduction

So far, activities such as R & D, marketing are closed to an organization. Ac-
cording to the development of information networks, we can find these activities
are done by peoples co-creation through huge information network beyond the
boundary of the organizations. One of these activity is crowdsourcing.

Howe defined crowdsourcing as the act of taking a job traditionally per-
formed by a designated agent (usually an employee) and outsourcing it to an
undefined, generally large group of people in the form of an open call[1]TJNotable
examples of the model include InnoCentive and Amazon Mechanical Turk. In-
noCentivel is a global, online marketplace where organizations in need of inno-
vation including companies, academic institutions, public sector, and non-profit
organizations can utilize a global network of over 160,000 of the world-wide
problem solvers. Amazon Mechanical Turk? is a crowdsourcing marketplace
that enables computer programs to co-ordinate the use of human intelligence

to perform tasks which computers are unable to do.
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Figure 1: Model of Crowdsourcing Market

Consider the merit of utilizing crowdsourcing market compared to exist-
ing outsourcing market. The difference of task allocation mechanism between
existing outsourcing and crowdsourcing is shown as Figure 1. In the existing

outsourcing, tasks are allocated to contractors with high capabilities by con-

U http://www.innocentive.com/
2) https://www.mturk.com/mturk/welcome



tractees. This is top-down allocation system. It is costful for contractees to
evaluate many contractors. Contractees usually select some of potential con-
tractors, evaluate them, allocate the task to the most efficient contractor, and
pay the contractor. However, the probability of successfully completing a task
increases when some contractors carry it out in parallel. It is more efficient
for contractees to allocate a task which is valuable and low incurred cost. In
crowdsourcing market, we can expect to realize more satisfactory task alloca-
tion because contractors autonomously select the task and they carry it out in
parallel.

Crowdsourcing is promising as a new method for a problem solving. How-
ever, the social efficiency of it is questionable. If contractors behave selfishly,
numinous number of contractors may carry out the specific task. Thus, effi-
cient task allocations may be not realized. Furthermore, sufficient knowledge
about its operation has not been accumulated. For example, how contractor’s
task selection and the payment method affect the contractor’s incentive and
the social efficiency in the problem solving is not clear. There is a critique that
contractees and contractors are interested in their own utility and they are not
interested in social efficiency. However, if its problem solving method is socially
inefficient, crowdsourcing itself cannot become a persistent service. Thus, the
viewpoint of social efficiency is important. If we understand the impact of the
difference of tasks or that of contractors’ abilities on the social efficiency, we can
get the guideline for dealing of tasks in the crowdsourcing market, and build a
new problem solving mechanism based on the knowledge. Therefore, it is quite
important to understand the crowdsourcing from the viewpoint of mechanism
design.

This research investigates a task allocation method used in InnoCentive and
examines its social efficiency. In InnoCentive, a contractee announces the re-
search problem, then contractors in the network try to solve the problem. They
report the results if they can obtain solutions. The contractee examines these
reports, select the best solution, and then pay reward to the contractor who re-
ported the best solution. If the contractee does not satisfy any reports, the con-

tractee does not have to pay anything. That is, the contractors autonomously



select the task to tackle. This is different from traditional task allocation meth-
ods that the contractee evaluates the contractors’ ability and selects the best
contractor. Therefore, economics incentive of contractors should be examined
in the different way from the existing studies about task allocation methods.

An auction might be considered as an efficient method for this task allo-
cation problem. However, an auction seems difficult to find an efficient task
allocation because of the nature of crowdsourcing. In crowdsourcing the con-
tractee is not asked to pay more than pre-specified payment at the beginning.
Even if more than one contractors find solutions, the contractor is sufficient to
pay reward only to the contractor who reported the best solution, that is, is
not required to pay reward to all the contractors who reported solutions. In
addition, a contractee prefers that his/her task is chosen by as many contrac-
tors as possible because it increases the probability to find the better solution.
Thus, the contractee does not have an incentive to limit the number of con-
tractors. On the other hand, a contractor prefers trying to complete a task to
doing nothing if it gives a positive expected utility. Thus, a contractor does not
have an incentive to stop trying to complete the task in order to maximize the
social surplus. Therefore, employing an auction seems difficult to find an effi-
cient agent allocation. Employing Gale-Shapley algorithm[2] might be possible
if we consider the crowdsourcing as a two-sided matching between tasks and
contractors. However, it seems difficult to apply because of the same reason
as an auction. Therefore, we need to analyze the mechanism of crowdsourcing
with different model from existing auctions or two-sided matching mechanisms.

I suppose that contractors in the crowdsourcing market choose the task con-
sidering the trade-off between the expected reward for carrying out the task and
the incurred cost. Researchers in traffic network fields analyze the equilibrium
of networks with the congestion game model, so the same approach seems to be
applicable to the problem of crowdsourcing.

This paper formalizes the strategic task selection of contractors in crowd-
sourcing based on the congestion game. Researches of congestion game models
mainly refer the existence of pure Nash equilibrium or the efficiency in the worst

case equilibrium. This paper defines the surplus ratio as the ratio between the



social surplus in equilibrium and the optimal social surplus, and analyzes what
extend the surplus ratio declines. This paper approaches the social efficiency
analyses through two methods: one is the analysis of average impact of the
asymmetry of tasks or contractors, and the other is that in the worst case of
crowdsourcing models.

The remainder of this paper is as follows. First, in Chapter 2, this paper
refers the related works about congestion games and equilibrium analyses. In
Chapter 3, this paper describes the crowdsourcing model for rigorous discus-
sion, and formalizes it as a crowdsourcing game. If the pure Nash equilibrium
always exists in crowdsourcing games, it is sufficient to evaluate only for each
combination of task allocations. Thus, this paper first examines the existence
of pure Nash equilibrium in crowdsourcing games in Chapter 4. From those re-
sults, the average impact of the property of contractors and tasks on the social
efficiency about the class having pure Nash equilibrium is analyzed in Chapter
5 and Chapter 6. Chapter 5 considers single type of contractors, while multiple
types of contractors are considered in Chapter 6. This paper also analyzes the
worst case equilibrium of crowdsourcing models, which is called the price of

anarchy, in Chapter 7, and concludes in Chapter 8.



Chapter 2 Related Works

In this chapter, I will describe some previous works related to the congestion

games or efficiency analyses.

2.1 Congestion games
Congestion game models have been actively studied in traffic research and com-
munication network research. The beginning of this research was the seminal
work by Rosenthal and they proposed the class having pure Nash equilibrium/[3].
The basic model is described as follows. A set of m facilities and a set of n
players exist, and the cost functions is defined as ¢, (nm;). The cost function
is a monotonically increasing function as the number of players who select the
same facility m;. Which facility players choose is their strategy. Let s; be the
facility chosen by player i, and Let s = (s, S, ..., $,,) be a profile of all players’
strategies. a profile s is pure Nash equilibrium if and only if the following

inequality is satisfied for all players.
Cs; (ns;) < Cs! (nsg +1),Vs; # s

Rosenthal proved that this class of game always has pure Nash equilibrium.
In fact, the process in which each player repeatedly choose the facility which
minimize his/her cost converges the pure Nash equilibrium.

In the field of congestion game, some extensions are discussed. Fotakis, et
al. studies weighted congestion games in which each player is weighted about
the cost function[4]. They show that the pure Nash equilibrium also exists in
singleton weighted congestion games, in which each player is allowed to choose
only one facility. Milchtaich studies the player-specific congestion game in which
each player has different cost function about the same facility. The difference
between these models and the crowdsourcing model is described at length in
later section.

There are few researches about application of the congestion game to the task
allocation mechanism. One of the examples is the formalization of a wireless

network caching problem as the market sharing game, which is the special case



of congestion game[5]. In the market sharing game, there are some markets
and players, and players choose the most profitable market. The whole profit
of each market is given, so players in the same market share the profit equally.
However, this model does not assume the failure of players in the market and
the asymmetry of players. In a crowdsourcing market, contractors might fail to
complete tasks, and they might have different probabilities of success for tasks.

Therefore, this model is insufficient to analyze the efficiency of crowdsourcing.

2.2 Efficiency analyses

A previous research about efficiency of crowdsourcing mechanism is formaliza-
tion of it as one of special auctions. Dipalantino, et al. consider the crowdsourc-
ing as the all-pay auctions, and analyze it as a system of competitive contests|6].
They discuss the relation between reward and participation rate. It gives us the
guideline about the setting of rewards. However, this paper discusses the social
efficiency of the crowdsourcing as a task allocation system. It is different from
their discussions.

Crowdsourcing mechanism is closely related to the fault tolerant mechanism
in that the realization of the efficient allocation and the high probability of suc-
cess for the task. Zhao, et al. discuss caching mechanisms in order to guarantee
the fault tolerance of data or services in the information network[7]. They dis-
cuss how to maintain the high probability of service providing. However, they
do not deal with strategic actions of agents. Porter, et al. study about resource
allocation mechanisms in which they consider not only the execution cost of
each agent, but also the success probability of tasks[8]. They deal with the in-
dividual rationality of agents, and discuss the mechanism to maximize the social
surplus. However, they assume that a centric designer aggregates information
about agents, and determine the resource allocation. They discuss mechanisms
in which agents are honest and report their types. In the crowdsourcing, con-
tractors autonomously select tasks. They don’t need to report their types, so
top-down assignment by contractees are not carried out. Therefore, we must
deal with more distributed resource allocation problems. In crowdsourcing, the

same tasks can be allocated more than two contractors in parallel unlike to the



fault tolerant mechanism.

Stemming from research of Arrow, et al.[9], various models about allo-
cation of resources for invention have been studied in the field of microeco-
nomics. Barzel points out the possibility of overinvestment by the tragedy of
commons[10]. Gilbert and Newbery insist in their paper that the investment
for invention have the role as a strategy for preventing new entry. However,
they deal with models in oligopoly situation by a few contractors, and discuss
the rational expenditures for invention. This research considers that large in-
definite numbers of contractors exist, and focus on the efficiency by contractors’
decision making processes in selecting tasks. Therefore, it is different from the
analysis of deciding the amount of investments for invention.

The "price of anarchy” of the class of congestion game have been actively
studied about the efficiency of the model. The price of anarchy is defined as
the ratio between the optimal value of the social utility function and the value
in the worst case equilibrium.

There are two main models in congestion game fields which is different from
the definition of the social utility function.

One is called the KP model[11]. The KP model has considered a simple
network consisting of m parallel links, from source to destination; each link
bears a capacity . Selfish traffic is modeled as a finite collection of users, each
bearing an unsplittable traffic, and shipping it using a mixed strategy. In a
Nash equilibrium, no expected individual cost can be unilaterally decreased.
The social utility function is the expectation of the maximum amount of cost
for each link; the optimum is the least possible maximum link. KP model is
mainly utilized as the computational resource allocation model, in which each
computational resource has different capability of computation.

The other is called the W model by Wardrop[12]. The W model has con-
sidered arbitrary multicommodity networks (that is, networks with multiple
sources and destinations), with a cost function for each link. Selfish traffic is
modeled as a splittable flow. The individual cost for a path (from source to
destination), is the sum of the costs incurred on its links. In a Wardrop equilib-

rium, all (used) paths have the same individual cost. In the W model, players
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may be thought of as (infinitely many) non-atomic entities, each carrying in-
finitesimal traffic. The social utility function is the sum of individual costs.
The optimum is the least possible, over all flows, sum of costs. Roughgarden
discusses the selfish routing of agents in the network routing[13]. The ratio be-
tween the cost of equilibrium flows and that of an optimal flow are evaluated in
this field. However, in the area of resource allocation systems by crowdsourcing,
the comparison between the optimal allocation and the allocation in equilibrium
has not been discussed.

This paper assumes that tasks are independent, so it is reasonable to consider
the crowdsourcing as a simple network consisting of m parallel links such as the
KP model. However, we are interested in the social efficiency of crowdsourcing,
so it is also reasonable to consider the social utility function as the sum of
participants’ utilities as evaluated in the W model. Recently, the hybrid model
was studied[14][15]. However, they and these models mentioned above evaluate
the efficiency about the costs.

In the crowdsourcing market, the contractor will not participate if the ex-
pected reward of the task is lower than the cost. Therefore, we cannot apply
the discussion of the efficiency about the costs directly to the discussion of the
efficiency in the crowdsourcing market. In addition, previous congestion game
models assume only the case in which the sum of costs increases as the number
of players increases, while the crowdsourcing assumes that the sum of expected
utilities can increase as the number of players increases because of the increment

of the probability of successfully completing the task.



Chapter 3 Model

In this chapter, I will present a formal model to enable rigorous discussion. The

concept model that we assume in this paper is shown as Figure 2.

A Contractee

| |
| t1: - i
! value v1 [
: value v2 !
| |
| |
| |

The probability
of success

The cost of
the task

Figure 2: Model of Crowdsourcing Market

In a crowdsourcing market, there exist a contractee R, n contractors { A},
and a marketplace operator M. The contractee has tasks ¢t; (j = 1,---,1).
This paper focuses on investigating contractors’ behaviors. Thus, assuming a
single contractee is sufficient for discussions. If task ¢; is successfully completed
by the contractor, the contractee enjoys the utility of v;. Completing each
task is independent from completing the other tasks. This paper assumes that
rj(O <r; < vj) is announced as the amount of reward for completing task ¢;
before a deadline to report the result. This means that the amount of reward is
given and no strategic manipulation on it is assumed. For the sake of simplicity,
I assume that v; = r; in the following sections, and utilize the unified notation

v;0 A market operator is assumed to be interested in maximizing social surplus.



On the other hand, contractors are characterized as type 6; (i = 1,--- ,m).
A contractor Ag’s type is denoted by typeof(Ax). If a contractor of type 0;
chooses task ¢;, he/she can successfully complete the task with a probability
of ¢;;(0 < ¢;; < 1), incurs the cost of ¢;;(¢;; > 0). It may happens that if a
contractor invests more resources, which incurs a larger cost, the probability of
success ¢;; increases. However, this paper assumes that the amount of cost is
a constant value of ¢;; if the type of the contractor 6; and task t; are given. In
addition, this paper assumes that a contractor of type 6; knows its probability
of success ¢;; and its cost of ¢;;. It may be also considered that a contractor
gain a private value by carrying out a task. Creators in iStockPhoto market®
and programmers in TopCoder market? are the real-world example because
they are able to train their skills throughout the participation for the crowd-
sourcing market. However, the private value is not more than the incurred cost
in general cases. In addition, this paper will discuss the one-stop situation of
the crowdsourcing, that is, the incurred cost and the private value are usually
independent on whether the task is completed or not. Hence, this paper doesn’t
assume the private value.
The protocol in crowdsourcing market is shown as Figure 3. The following
procedure is utilized.
(Step 1) a contractee registers his/her tasks with its detailed description in-
cluding deadline and an amount of reward.
(Step 2) a market operator announces the registered tasks to contractors.
(Step 3) contractors choose their task to be tackled. Here, we assume that
contractors randomly come to the market and choose a task. This paper
assumes that a contractor choose a single task to make a discussion simple.
(Step 4) a contactor reports its result of the completed task to the contractee.
(Step 5) a contractee selects the best report and pay reward of r; to the
contractor who reported the best one. If more than one best reports exist,
a contractee chooses one among them by using a pre-specified method such

as choosing at random, choosing the earliest one.

U http://www.istockphoto.com/
2) http://www.topcoder.com/
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A contractee A market operator contractors

A contractee
registers his/her
tasks with its
detailed description
including an amount
of reward.

——

A market operator
announces the
registerad tasks to
contractors.

\———_L

Contractors
autonomously
choose their task to
be tackled.

}

A contactor report its
result of the
completed task to
the contractee.

<

a contractee selects
the best report and
pay reward to the
contractor who
reported the best
one.

Figure 3: The protocol in crowdsourcing market

I present the above model in strategic form of game, which is called ” crowd-
sourcing game”, in order to discuss the Nash equilibrium in later section. The
selectable strategy set of each contractor Ay is denoted by Sy = {{t;} U 0}. 0
represents that the contractor doesn’t choose any tasks. When each contractor
chooses s; € Sk, the tuple of all contractors’ strategy is denoted by s = {si}.
I define the function n;;(s) as the number of contractors whose type is ¢; and
task is ¢; in the strategy tuple s. In addition, I utilize the following special
notations which are frequently used in game theoretical discussions.

® S = (51, ooy Sk—1, Sk+1, "'7571)

11



b (3;@,3%) = (s1, --->Sk71,3;<;,5k+1, <oty 5n)
If a contractor Ay of type 6; chooses task ¢, in the strategy tuple s, his/her

expected utility u%(s) is defined as follows.
0; _
w’(ty, s-k) = 004 — Cij

where o;; represents the probability of becoming a winner among contractors
choosing task ¢;. the value of o;; depends on the contractors’ probability of
success and the number of participants for the task. Individual rationality
holds if the expected utility of each contractor is larger than zero or equal to
Zero.

In this research, social surplus is calculated as the sum of all participants’
expected utilities. This paper assumes that a contractee pays reward of r; that
is equal to his/her valuation of completing task ¢;. Thus, the contractee’s utility
is equal to zero whether the task is succeeded or failed. The market operator’s
utility is also equal to be zero. Therefore, social surplus 7(s) can be calculated

as the sum of the expected utility of all the contractors. That is,

l
'7(5):2 Z u§yp60f(Ak)

7 Ak:sk:t‘j

The social surplus can be calculated as the sum of the expected surplus of task ¢;
as well. The probability of completing task ¢; after the allocation of contractors
is determined is denoted by p;.

Here, I explain the difference of three probabilities ¢;;, 0y, p;, and the re-
lationship. First, ¢;; represents the ability of contractors, and is given by the
constant value in this paper. Next, ;; represents the winning probability when
the type 0;’s contractor carry out the task t;, depends on the probabilities of
success of other types of contractors and the number of contractors who carry
out the task, and is denoted by the function such that o;;({¢;j}i, {n:j}:). And
p; represents the probability of successfully completing the task ¢;, denoted by

the following expression.

pi=1— JI (1= buypeorany)

Ak:sk:t]’
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p; also represents the sum of the winning probability about task ¢;, that is,
p; = ZAk55k:tj Otypeof(Ar)j-

This paper introduces a surplus ratio R to measure social inefficiency. The
surplus ratio is calculated by dividing social surplus in an equilibrium allocation

by social surplus in an optimal allocation.
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Chapter 4 The Pure Nash Equilibrium

This chapter will describe the property of Nash equilibrium in crowdsourcing
games. Generally speaking, there are two types of Nash equilibrium; one is the
pure Nash equilibrium and the other is the mixed Nash equilibrium. The pure
Nash equilibrium represents the equilibrium in which each player cannot im-
prove the utility when the player choose another strategy with probability one.
On the other hand, the mixed Nash equilibrium represents the equilibrium of
the probability distribution when each player can stochastically choose strate-
gies. It is proved by Nash that any finite, k-person, non-cooperative game has
at least one (mixed) Nash equilibrium. However, the existence of the pure Nash
equilibrium depends on the definition of games. If the pure Nash equilibrium
exists, it is sufficient to evaluate only for each combination of task allocations.
To examine the existence of the pure Nash equilibrium, I first introduce the
potential game.

Definition 1. Let g;(s) be the utility function of the playeri. Given the strategy
tuple s = {s1,...,8,}, we call the function f : S — R satisfying the following

condition the potential of the game.
9i(si,5-3) = i(s;,5-4) = f(si,5-3) = f(s;,5-0)(si, 5, € Sii € N)

And we call a game which has a potential f a potential game.

The potential game is formulated by Monderer, et al.[16], and its useful
property is proved as follows.
Theorem 1. Any finite k-person, non-cooperative potential game has at lease
one pure Nash equilibrium.([16])

Therefore, the fact that the non-cooperative game has a potential is sufficient
condition for the existence of the pure Nash equilibrium.

First, I consider the case of single type contractors.
Theorem 2. The crowdsourcing game with single type contractors has a poten-

tial.

Proof. When the type of contractors is unique, that is, only 6, the expected

14



utility of contractor Ay is calculated as follows.

(1= (1= ¢1)™W)

ni;(s)

g(tj, s k) = — a1y

In this expression, the term of (1 — (1 — ¢;;)™®) represents the probability
that at least one contractor can successfully complete the task. Each contractor
has the same probability of receiving the reward, because we assume that all
the contractors have the same type. Therefore, v;(1 — (1 — ¢1;)"®))/ny;(s)
represents the contractor’s expected reward.

It is sufficient to prove arbitrary potential f exists, so I define a function f

as follows.

1 m15(s) k
— v = (1= 04))")
fo =3 S (0= oul)
ik
If a contractor A change his/her task from ¢; to ¢},

f(ty,ar) — f(t;,ay)
{Uj(l —(1- ¢1j)nlj(tjua7k))
n;(t;, a—r)

= gi(tj,a-r) — gr(t}, a—y)

(1= (1 = gy)"54)

Yj
1]} { nlj(t;w a—k:)

— ¢y}

the condition holds.
Even if a contracter Ay quits the task ¢;0

f(t]7 CL,]{) - f((Z)a a*k)

(Ul (L= gy)te-0)
na;j(tj, a—g)
= gi(tj,ay)

—cij}

= gr(tj,ar) — gr(0,a_y)

the condition holds as well. Thus, the function f is a potential of the crowd-

sourcing game with single type contractors. O]

Corollary 1. A crowdsourcing game with single type contractors has at least
one pure Nash equilibrium.
Next, I consider the multiple types contractor case. If multiple types of

contractors exist, the potential function defined in the above proof cannot be

15



applicable.

First, I describe some extended class of congestion game in previous re-
searches. In the simple congestion game, it is assumed that the cost function of
each facility j depends only on the number of players n; who choose the same
facility, and the function is denoted by c¢;(n;). In (unweighted) player-specific
congestion game, the cost function is player-specific, and is denoted by ¢;;(n;)
of player 7. Furthermore, in weighted player-specific congestion games, each
player has weight (3; and the number of players who choose the same facility j
is calculates as n; = 37,.,._; Gi.

Milchtaich characterizes the existence of pure Nash equilibrium about each
class of congestion games.

Theorem 3. A unweighted player-specific congestion game has at least one pure
Nash equilibrium.([17])

Theorem 4. Any k-player, two-strateqy, weighted player-specific congestion
game has at least one pure Nash equilibrium. In addition, Any l-strategy, two-
player, weighted player-specific congestion game has at least one pure Nash
equilibrium. ([17])

Theorem 5. Any k-player, l-strategy, weighted player-specific congestion game
has the possibility of not having pure Nash equilibrium. ([17])

Milchtaich shows the actual three-player, three-strategy case that has no
pure Nash equilibrium. And now, I describe the difference between the crowd-
sourcing model in this paper and existing congestion game models. In the
crowdsourcing model, if the tuple of strategies is s = (¢;,5_;), the expected

utility of type 6;’s contractor Ay is represented as follows.
9k (tj, s-1) = vioi({ P bi, {nij i) — i

When the type 6;’s contractor who chooses the same task t; at s has the prob-
ability of success ¢;; # ¢y;, the winning probability ;;(-) is also different,
therefore the expected utility is player-specific. Moreover, if other types of
contractors denoted by 0,, 0, exist, and ¢,; > ¢,;, the winning probability of
contractor Ay become higher if the type 0,’s contractor newly carry out the

task ¢; than the type 6,’s contractor newly carry out it. Thus, the impact of
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each contractor’s participation on the expected utility is weighted. Further-
more, if the probabilities of success for another task ¢; are ¢,; and ¢,; such
that ¢, < ¢y, the weight at the same player differs from the choosing tasks.
The above discussion shows that crowdsourcing games with multiple types of
contractors belong to the more complicated class of congestion games.
Corollary 2. A (general) crowdsourcing game has the possibility of not having
pure Nash equilibrium.

It is generally said that crowdsourcing games with multiple types of contrac-
tors do not always have the pure Nash equilibrium. However, I can generate the
algorithm to find the pure Nash equilibrium in the concrete case of two types
and two tasks.

Theorem 6. A two-task, two-type crowdsourcing game always has at least one

pure Nash equilibrium.

Proof. 1 present the concrete algorithm to find the pure Nash equilibrium. The
flow of algorithm is shown as Algorithm 1.

Assume that n; number of type 6;’s contractors and n, number of type 65’s
contractors exist. Let n;; be the number of type 6;’s contractors for task ¢;. and
an allocation to the tasks is also denoted by the taple (n11, n12, n91, m22). There
are constraints such that ni; + nio = nq, noy + N9y = no. And let g?i (115, n2;5)
be the expected utility of type 6;’s contractors to the task ;.

The algorithm works as follows. First, we set the initial allocation as
(n1,0,0,m2). Next, We find the pair (ni1,n12) which satisfies following two
inequalities.

97" (n11,0) > g5* (n1z + 1, na)
giH (na1 +1,0) < g5t (n1g,m2)

Following that, We also find the pair (ng1,n2) which satisfies following two
inequalities.

92 (na1,ma1) > g8 (a2, nag + 1)
97 (11, ma1 + 1) < g9 (n12, na2)
If the pair (ngp,neg) does not change, the allocation in this point is obvi-

ously the pure Nash equilibrium. If it changes, we find the appropriate pair
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(n11,m12) again in the same manner. By repeating this procedure, we can find
the convergence point of the number of contractors. The convergence point in
this process is always the pure Nash equilibrium, if exists, because contractors

always seek to the best response strategy.

Algorithm 1 The process of finding pure Nash equilibrium
Finding the pure Nash equilibrium

(7111,7112,77/21,”22) — (71170,0,”2);

TMP , TMP , TMP , TMP .
(n1; y Mg s No1 Ny )<—(n1,0,07n2),

end — false;

while —end do

find (nTMF nIMP) which satisfies:

gt (M, 0) > 931<n1T2MP +1,ny) and

61(,, TMP 61 (,, TMP

g (" +1,0) < g5’ (ng" ", m2) and
TMP | TMP _ . .

nyy - Ny =Ny,

find (nIMF nIMP) which satisfies:

O2( TMP ., TMP O2( TMP , TMP
gr*(nyi" ", mat ) > got(ngy' T, mgy T 4 1) and

0s( TMP , TMP 0o TMP , TMP
gt (ny " mat U A1) < gyt(ngy T, mpy” ) and

TMP TMP _ . .

Nai Ny~ = Ny;

: _ (,TMP _TMP _TMP ,TMP

if <n117 Ni2,N21, n22) - (nll y 19 » Naq » a9 ) then
end < true;

else

TMP ., TMP , TMP , TMP\.
(n11, 12, No1, Ma2) < (Ny1 0, Mg Mg Mgy )

end if

end while

It is possible to prove the convergence of this process. Type 6;’s contractors
can improve their expected utility only if the number of participants for task
to increases. At the previous step, the number of type 05’s contractors for
task t; increases, so the expected utility of type 6;’s contractors about task #;
decreases, and that of task t, relatively increases. Therefore, the number of

type 61’s contractors who choose the task ¢, always increases in the process.
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On the other hand, the number of type 65’s contractors who choose the task ¢;
always increases from the same discussion. Since the permanent increment is

impossible, the process converges. O

This algorithm is useful for simulating the actual surplus ratio achieved at

pure Nash equilibrium. I utilize it for the efficiency analysis in later section.
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Chapter 5 Single Type Contractor Case

This chapter will examine the case that all the contractors have the same type,
that is, a single type of contractors’ case.

First, I illustrate an example of the evaluation of the surplus ratio. Here,
I assume that n contractors of single type 6; exist and two tasks of t; and t,
exist. The numbers of contractors who carry out task t; and t, are n; and na,
respectively (n; +ny = n). When only type 6’s contractors exist, the expected
utility of the contractor who chooses task ¢; as follows.
C (1= (1=¢;)™W)
B n;(s)

In this expression, the term of (1 — (1 —¢;;)™(*)) represents the probability that

u(s)

at least one contractor can successfully complete the task. Each contractor
has the same probability of receiving the reward, because we assume that all
the contractors have the same type. Therefore, v;(1 — (1 — ¢1;)"())/n;(s)
represents the contractor’s expected reward. The term of c¢;; represents the

difference between the private value and the cost incurred by each contractor.

Table 1: The expected utilities of a contractor.

131 12 ny 131 12

- 0.66196 | 10 | 1.61384 | 0.82927
3.00000 | 0.67772 | 11 | 1.48819 | 0.84724
2.82000 | 0.69362 | 12 | 1.36733 | 0.86546
2.64720 | 0.70987 | 13 | 1.25103 | 0.88392
2.48127 | 0.72626 | 14 | 1.13912 | 0.90262
2.32192 | 0.74287 | 15 | 1.03138 | 0.92158
2.16883 | 0.75970 | 16 | 0.92766 | 0.94079
2.02174 | 0.77675 | 17 | 0.82776 | 0.96026
1.88038 | 0.79402 | 18 | 0.73153 | 0.98000
1.74450 | 0.81153 | 19 | 0.63882 | 1.00000
20 | 0.54946 -

3

O |0 | I | | Uk WwW N |~ O
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Table 2: The social surplus in Nash equilibrium.

ny | ng | n | ss(social surplus)
equilibrium solution | 16 | 4 | 20 18.61
optimal solution | 9 | 11 | 20 24.63

Suppose that both of tasks’ rewards v; and vy are equal to 100, and ¢1; =
0.06, ¢1o = 0.02, for the probabilities of success, and Wy, = —3, Wiy = —1 for
the costs.

Table 1 shows the expected utility of each nq; for the number of contractors
n = 20, which tells that an equilibrium allocation is that n; = 16 and ny = 4.
On the other hand, as shown in Table 2, an socially efficient allocation is ny = 9

and ny = 11. In this case, the surplus ratio is R = 18.61/24.63 = 0.756.

5.1 The number of contractors

Here, this section investigates the impact of the number of contractors on the
surplus ratio. I assume that completing a task is independent from completing
the other tasks, and consider each task separately. First, I examine an optimal
contractor allocation. Because contractors have the same type, discussing only
the number of contactors is sufficient. It is not necessary to consider which
contractors should be included. If n contractors carry out the task ¢;, the

surplus is expressed as follows.
s7(n) = vi{l = (1 — ¢1;)"™ } — neyy

The term of v; is the contractee’s valuation of completing the task and the
term of (1 — (1 — ¢1;)™) represents the probability that at least one contractor

succeeds to complete the task. If a contractor is added from n, the increment
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of the surplus is expressed as follows.

A(n) = sY(n+1)—s"(n)
= v{l = (1= ¢)""'} + (n+ Dwyy — {1 = (1 = dy)"} + nwyy
= o{(1—dy)" — (1= )"} + wyy
= (1= ¢y)™{1 = (L = o))} +wyy
= 0;d1;(1 = ¢1y)" + wyy

If n is sufficiently large, A% (n) becomes lower than zero. So there is a

?PT in terms of task ¢;. njOPT can be obtained

optimal number of contractors n
by differentiating the above equation with respect to n; and letting it zero,

which is represented as follows.

nOPT

—Uj(l — ¢]) J ln(l — ¢J) —C; = 0
Thus, the following expression is obtained.

OPT _ G

j n(m)/ln(l — ;)

n

On the other hand, if a contractor is added from n, the expected utility of
individual contractors is expressed as follows.

Ul (n) = vi{l = (;;;blj)"“}

Lemma 1. U%(n),A% (n) is the monotonically decreasing function in terms of
nU

Since U'%(n) is the monotonically decreasing function, in the case of suffi-
cient number of contractors, the number of participants at equilibrium, which
is denoted by n}4°" | should satisfy U" (n}45") > 0 and U (n} 45" 4 1) < 0.

Next, I discuss the relation between n¥N45H

2 and n¢*". For preparation, I

prove the following lemma.

Lemma 2. For any n > 00 U%(n) > A% (n)0
Proof. 1If n = 0, the condition holds because of the following equations
U(0) = vj¢n; — c1j = AY(0)
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I assume that the condition holds if n = k(k > 0).

v{l = (1= ¢y,)""}
k+1

v{l = (1 = ¢}
k+1

> vp1;(1 — ¢1j)k

> Uj¢1j(1 - ¢1j)k+1

(1)
If n =k + 1 on the above assumption, the following inequalities holds.

v{l = (1 = ¢1)"?}

Us(k+1)—AY(k+1) = 2 —vd1;(1 — ;)
vl = (1= ¢y)" 7} v(1 = di){1 = (1 = 61)"*?}
- k42 k+2
v.
> 0
Therefore, the condition also holds. O

The above result suggests the following corollary.
Corollary 3. If sufficient number of contractors exists, the following condition
is always satisfied.

TL;-VASH > n;)PT

That is, in the crowdsourcing game with sufficient number of contractors, the
number of participants is equal or more than the optimum.

As long as the expected utility is larger than zero or equal to zero, an addi-
tional contractor participates in doing task t;. Thus, the maximum number of
contractors n; choosing task ¢; is the largest number that satisfies the following
inequality.

né_VASH

vj(1 = (1= ¢y )

In the above expression if n}; is a large number, (1-— gblj)"llf approaches to

)/né\fASH —¢j 2 0

zero, for example, if the probability of success ¢1; = 0.5 and ny; is 10, (1—¢1j)”/1j
becomes 0.000977. In this case, n’lj can be approximated to be v;/cy;. This
is the case that the cost incurred by each contractor is small compared to the

amount of reward. In addition, social surplus is close to zero. So far, I have not
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discussed which task a contractor chooses if more than one tasks exist. If v;/cy;
becomes large enough for all the tasks, contractor’s expected utility approaches
to zero, which means that a contractor is indifferent to a task selection.

From the above discussion, if v;/c;; is sufficiently large and a sufficiently
large number of contractors exist, the surplus ratio approaches to zero, that is,

social surplus in an equilibrium allocation approaches to zero.

o

0.7 \w\l\'

o0& \\‘

05 \\\

0.4 \\l

03 '\\

oz \\
(R \

1 R 4 i1 R 1M 121 14 161 131 M

The efficiency

The number of contractors

Figure 4: The relationship between the number of contractors and the social

efficiency.

Figure 4 shows how the surplus ratio changes if the number of contractors
increases. The horizontal axis represents the number of contractors n, while the
vertical axis represents the surplus ratio. Here, I'set v; = v = 100, ¢c1 = c1o =1
and ¢1; = 0.05, ¢1o = 0.1. This figure confirms that the above discussion is
correct, though the surplus ratio does not monotonically decrease in terms of
the number of contractors.

When small number of contractors exist (1 < n < 15), the winning prob-
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ability at task t, is larger than that at task t,, so all contractors choose the
task t5, though the probability of successfully completing the task t5 becomes
sufficiently large when n = 7, the amount of expected utilities if a contractor is
allocated task t; is larger than if a contractor is allocated task t5 in 8 < n < 15,
and the surplus ratio decreases. And in the following interval 15 < n < 50, the
surplus ratio slightly changes with vibrations. The difference between the two
tasks become small if a new contractor added to the market, and the differ-
ence between the increment of surplus in the equilibrium and that in optimal
allocation could vary in this interval. The reason why the vibrations occur is
that the surplus ratio decreases if the increment of surplus in the equilibrium
is relatively small and vice versa. In addition, if n is sufficiently large, the
surplus ratio monotonically decreases because the optimal allocation does not
change even if the number of contractors increases, and contractors continue to

participate the task unless the expected utility is less than zero.

5.2 The probability of success
If the success probability of completing task t; () increases, the number of
choosing t; does not decrease in the optimal allocation, while it does not increase
in an equilibrium.

Suppose that ¢y, changes to (blll (> ¢11). At the optimal allocation, the

following expressions should be maximized.

max{vi(1 — (1 — ¢11)""") — nuicn

+oa(1 — (1 — ¢12)™2) — nyacia} (2)
max{v (1 — (1 — ¢/11)n,“) - ”,11011
+ua(1 = (1 — ¢12)"2) — nipera} (3)

Here, assume that n) is larger than n;. The increase of 1 — (1 — ¢y1)™1 is
larger than that of 1 — (1 — ¢},)"1, while the decrease of ny;cy; is equal to that
of nlncn when the number of contractors carrying out task ¢; increases from nq;
to ny,. The changes of terms related to task t, are also the same as each other
because the values of the parameters are the same at expressions 2 and 3. Thus,

. . . . . ’ . .
if social surplus increases by increasing from ny; to ny; for expression 3, social
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Figure 5: The relationship between the success probability of ¢; and the social

efficiency.

surplus also increases by doing the same for expression 2. This contradicts with
the assumption that expression 2 is maximized at (n1, n12). Therefore, n}, is
not larger than nq;.

On the other hand, the following equation is satisfied at an equilibrium.

Ul(l - (1 - <Z511)m)/n1 —C11 = 712(1 - (1 - ¢12)n2)/n2 — C12

If the success probability of completing task ¢, increases from ¢y to ¢,;, the
left-hand side increases. If a contractor change his mind to choose ¢, instead of
t1, the difference between the expected utility by choosing t; and the expected
utility by choosing ¢, increases, which means it cannot reach a Nash equilibrium.
Thus, ni;" is not smaller than n;.

Figure 5 shows how the surplus ratio changes if the probability of success
¢11 increases. The horizontal axis represents the probability of success ¢q1,

while the vertical axis represents the surplus ratio. Here, I set v; = vy = 100,
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Figure 6: The relationship between the reward of ¢; and the social efficiency.

and c¢;; = ¢ = 3. The three lines in the figure corresponds to the cases of

¢12 = 0.06,0.12,0.24. This figure confirms that the above discussion is correct.

5.3 An amount of reward
The increase of ¢1; affects the behaviors at the optimal allocation and a Nash
equilibrium differently, that is, at the optimal allocation n;; decreases, while
at a Nash equilibrium n; increases. Thus, as ¢;; increases, the surplus ratio
monotonically decreases.

On the other hand, as reward v increases, the surplus ratio does not change
monotonically.

. . . t t . .
Given reward vy, the optimal allocation (n{{", ni5’) and an allocation in a

Nash equilibrium (nle*", nsh) can be obtained. If v; increases by Av and
the number of the allocation does not change, the expected social utility about
task ¢; increases by Av(l — (1 — ¢1)™). If n¢PT < pNASH | the surplus ratio is

improved because the increment of social surplus at Nash equilibrium is larger
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Figure 7: The reward of ¢; and the number of participants for each of tasks.

than that at the optimal allocation. As the reward wv; increases sufficiently,

opt

nil" reaches n and niesh

reaches n. If nf}’ is smaller than nN*" the following

opt opt opt opt
sequence of (n{%', nfh!, niNash piNash) (P 41 n%t —1, nNesh nNash) (n?* 1,

17 t t
niy — 1, nesh + 1, nNesh — 1) is found. At a change from (nf}, niy, nies

nNeh) to (n 4+ 1, ny — 1, nlesh nlNesh) the gap between the contractors’

allocation in an optimal state and in a Nash equilibrium becomes large. This
means the surplus ratio becomes worse. On the other hand, at a change from

13 t t t
(N + 1, n% — 1, niesh pivesh) to (nSF" + 1, n7h — 1, ndash + 1, nffesh — 1),
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the gap between the contractors’ allocation in an optimal state and in a Nash
equilibrium becomes small. This means the surplus ratio is improved. Thus,
the change of the surplus ratio is not monotonic.

Figure 6 shows how the surplus ratio changes if the reward increases in an
example. The horizontal axis represents the reward ¢, while the vertical axis
represents the surplus ratio. Another reward v, is fixed to 100. The other
parameters are also fixed except 1, that is, ¢;1 = ¢192 = 3. The data are plotted
for the three cases of ¢1; = 0.06,0.12,0.24. The difference between the rewards
of t; and t5 is not large, the surplus ratio decreases first, then the surplus ratio
becomes one.

Figure 7 shows the contractors’ allocation in the case of ¢;; = 0.06. The
horizontal axis represents the reward for task ¢;. The vertical axis represents
the ratio of contractors carrying out task t¢;. Figure 7 (a) shows the optimal
task allocation, while Figure 7 (b) shows the allocation in a Nash equilibrium.

When the difference between the amounts of rewards is not large, the number
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of contractors choosing task ¢; rapidly increases in the case of a Nash equilibrium
as the reward of task t; increases. All contractors choose task ¢; at v; = 170. On
the other hand, the number of contractors choosing task t; gradually increases
in the case of an optimal allocation as the reward of task ¢; increases. The value
of reward v; where all contractors choose task t; is 330. Thus, it is confirmed

that the difference of these profiles in task allocations causes social inefficiency.

5.4 Cost for completing a task

This case can be discussed in the same manner as the case of changing the
rewards. Figure 8 shows how social efficiency changes as the cost of t; changes.
The horizontal axis represents the cost of ¢, while the vertical axis represents
the surplus ratio. Here, I set v;1 = v5 = 1000, and ¢;5 = 1. The three lines in the
figure corresponds to the cases of ¢11(= ¢12) = 0.3,0.5,0.9. This figure confirms
that the surplus ratio decreases if the cost of completing a task increases. There
are two break points in each line. These correspond to the points that the

number of contractors choosing ¢; changes.
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Chapter 6 Multiple Types Contractor Case

In the previous chapter, I assume the case where all the contractors have the
same type. From a practical standpoint, however, some contractors might be
specialists, and their success probability or cost might be different from general
contractors.

This chapter will consider the case that multiple types of contractors’ case.
Type sets of contractors are denoted by {6;}, the success probabilities of task ¢;
are denoted by {¢;;}, and the costs of task t; are denoted by {c;;}. When the
number of type 0; contractors who carry out task ¢; is equal to n;;, the expected
surplus V; of task t; is expressed as follows.

! !
Vi =vi(1 = [T(1 = ¢i)™) = > mije
i=1 i=1
As the above expression shows, expected utilities of contractors depend on the
success probability of contractors of other types, and the number of participants
of the task. Thus, the expected utility g?i of the contractors who have type 6,

is expressed as follows.
0;
g9;" = vioi;({@ij ti, {nij i) — ¢y

Here, let n;; be the number of contractors of the type 6; who carry out the
task t;. The first term of the g;;’s expression represents the expected reward
for attaining task ¢;. o;(-) represents the winning probability of the contractors
of type 6;.

This chapter examines the case of two types and two tasks for the sake of
simplicity. As mentioned former chapter, the pure Nash equilibrium always
exists in this class of crowdsourcing games, and we can find it by the algorithm
mentioned in that chapter. Types of contractors are denoted by 6, 65, the
expected utility is denoted by g?i (n1;,n9;). And the term of o;;(+) is calculated

as follows.

05 (1, P25, M1, o)

et - () S0 = 6u) 0 - ()b (1 — 6y}
= L2l (k+1+1) ]

k=0 [=0
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If the number of contractors who have type #; and successfully complete
the task, is £ + 1 and the number of contractors who have type 65 is [, the

probability of attaining the task calculates as follows.

O1; - (n;) ]fj(l — ¢1j)(”1j*1*k) . (nij> ¢lgj(1 — ¢2j)n2j*l (4)

The winning probability of contractors of type #; is calculated by multiplying
the probability of attaining the task by 1/(k+ 14 1) because I assume that the
best contractor is elected at random if many contractors succeed the task. In
o(), the sum from (k,1) equals (0,0) to (n1; — 1, ng;) of the winning probability
is calculated. The similar calculation is possible for type 65’s contractors.

Next, I will illustrate the conditions of Nash equilibrium. Given the number
of contractors of type 6; is n;, the conditions of Nash equilibrium where the
allocation (ny1, nia, N2y, Noe) which satisfies ny;+ni9=n; and ng;+ns=ny are

defined as follows.

V1011 (P11, P21, M1, M21) — €11 >

V9012( P12, P22, M1a + 1, N9a) — C12

and
U2012(¢127 (22, M12, n22) —C12 =
v1011(P11, P21,m11 + 1,m91) — c11
and
v1021(¢21,¢11,n21,n11) —Co1 =
V2022(P22, P12, M22 + 1,M12) — €22
and

V9022(22, P12, N2, N12) — Cag >
V1091 (P21, P11, M91 + 1, n11) — e

It is computationally hard to calculate the expected utility, when n; or ns
become large. Here, I experimentally calculate the Nash equilibrium in some

cases, and compare the social surplus in Nash equilibrium with the optimal one.
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6.1 Sufficient large number of contractors
In this section, I analyze the case when the number of contractors is sufficiently
large. The rational contactors must consider the strategies of other contractors
who participates after his/her decision making, so he/she must consider not
only his/her own expected utility but also the expected utilities of other types’
contractors.

The finding process of the pure Nash equilibrium about type 6, is as fol-
lows. First, we seek the number of participant of type 65’s contractors at

equilibrium in the case of ny; = 0 which is denoted by (O,n;\;ASH(n” :0)). If

NASH (ny,;=0) NASH(n1j=0)>

g?l(l, oy ) < 0, the allocation (0, ny; is the pure Nash equi-

librium, that is, it is rational for the type 6;’s contractors not to participate

the task ¢;. By contraries, if gf—l(l,ng-ASH("”:O)) > 0, then we calculate

né\;ASH(”” =Y and evaluate 9?1(2, néVjASH(n” :1)) in a similar way. we can obtain
all possible pure Nash equilibria by repeating the process if né\;ASH(nlj =K < 0.

The similar process works about type 6.

I give an example. Now, I consider the case that v; = 100, ¢1; = 0.2, g1 =
0.1, c11 = 12, ¢19 = 6. Type 601’s contractors have high probability of success but
high incurred cost, while type 65’s contractors have low probability of success
but low incurred cost. In this case, there is not sufficient difference among these
two types about the efficiency. Actually, this case has following 7 pure Nash
equilibrium, (6,0), (5,1), (4,3), (3,5), (2,7), (1,9), (0,11).

On the other hand, If T give the other example such that v; = 100, ¢y, =
P21 = 0.01, c11 = 6, c12 = 9, the result differs. It is obviously efficient to allocate
the type 0’s contractors to the task. The allocation (11,0) is the unique pure
Nash equilibrium in this case, indicating that the crowdsourcing mechanism

successfully select the efficient type of contractors.

6.2 Specialists of tasks

I will analyze the case where specialists of tasks exist. I assume that specialists
have the high success probability of specific tasks, and examine the case where
contractors of type 6; are specialists of task ;.

Figure 9 shows the case where the settings are vy = vy = 100, ¢11 = ¢99 = 3,
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Figure 9: The success probability of specialists and the social efficiency.

c12 = c¢o1 = 1. The data are plotted for the three cases of ¢1a(= ¢o1) =
0.02,0.05,0.2.

As mentioned in the previous section, when the success probability of tasks
become high, the expected utility of contractors increases. Thus, in this situa-
tion, the number of allocation to specialists increases. On the other hand, the
expected surplus of the task with high success probability becomes enough large,
even if the number of allocation is small. Therefore, in the optimal allocation,
the number of allocation to specialists is relatively small. As a result, inefficient
allocations arise when the success probability of specialists is enough high. I
also found that these problems can arise regardless of the cost of contractors’
type.

Meanwhile I discovered that the surplus ratio decreases rapidly in specific
range in the situation that the cost of specialists is larger than the cost of
non-specialists, like ¢11 = co9 = 3, c10 = 91 = 1.

To understand this problem, I analyze this case in detail. Table 3 shows the
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Table 3: Inefficiency of equilibrium.

(¢11, P12) = (0.075,0.05)

N1 | N1z | Ma1 | N2 | ER
EA 0| 10| 10 0| 1.0
OA 0] 10| 10 0 -
(¢11, ¢12) = (0.08,0.05)
N1 | Nz | Na1 | N2 | ER
EA | 10 0 0| 10]0.88
OA 0] 10| 10 0 -
(@11, ¢12) = (0.11,0.05)
nip | Mg | N21 | No2 R
EA | 10 0 0| 101 1.00
OA | 10 0 0| 10 -

allocation of the case, and two cases when ¢1; is changed slightly. EA means
the allocation in equilibria and OA means the optimal allocation. In the case
where ¢1; = 0.08, a reversal phenomenon arises. Indeed, although special tasks
are assigned to the specialists in Nash equilibrium, in the optimal allocation,

they are assigned to the non-specialists.
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Chapter 7 The Price of Anarchy

This chapter will examine the social efficiency in the worst case equilibrium.
If more than one equilibrium can exist, which equilibrium is realized in the
real-world market is unknown. Thus, it is reliable for the market operator to
guarantee the efficiency in the worst case equilibrium.

The price of anarchy, first introduced by Koutsoupias, et al.[11], is utilized
to evaluate what extent of efficiency is realized at the worst case equilibrium.
This paper evaluates the surplus ratio of crowdsourcing as the price of anarchy.
Definition 2. If the surplus ratio at the worst case equilibrium is denoted by

1

R_, the price of anarchy of crowdsourcing game is defined as PoA = 5.

Theorem 7. The price of anarchy of crowdsourcing game approaches infinity.
Proof. From the past discussion, it is obvious for general crowdsourcing games
that the price of anarchy approaches infinity if the number of contractors is

sufficiently large. O

This result suggests that it is important for the market operator to restrict
the number of contractors adequately for the persistent operation of crowdsourc-
ing. However, if the properties of tasks in the market vary, adequate number of
contractors for each task might vary as well. It is desirable to find the efficient
method for restricting the number of contractors according to the property of
tasks.

First, I assume concrete cases of two tasks and no incurred cost with single
type contractors. I can find the strict price of anarchy from the discussion of
previous chapter.

Theorem 8. In crowdsourcing games with single type of contractors, two tasks,

and no incurred cost, the price of anarchy is 2”7:1, and this bound is tight.

Proof. In the two tasks case, the surplus ratio decreases as the asymmetry of
allocation becomes large. First, I suppose the situation in which all n contrac-
tors carry out the task ¢ at equilibrium, but all of them are allocated to the
task t; in optimum. However, the situation is impossible. When I consider the

situation from the viewpoint of equilibrium, the surplus if one contractor carry
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out the task ¢ is always larger than that if one contractor carry out the task ¢;.
On the other hand, if I consider the situation from the viewpoint of optimum,
the social surplus becomes larger if the number of participants for the task t;
increases from n — 1 to n than if the number of participants for the task #;
increases from zero to one. This situation contradicts the Lemma 2.

Therefore, the worst situation is that all n contractors carry out the task ¢y
at equilibrium, but n — 1 contractors are allocated to the task ¢;, and only one
contractor is allocated in optimum.

The surplus ratio R of the situation is expressed as follows.

o o= (1= 6y
v1(1 = (1= ¢1)" 1) + vagg

Suppose that n > 2. And I utilize the expression va(1 — (1 — ¢2)") = va(p2 +

€),e > 0.

From the equilibrium condition,

vy (P2 + €) < (Y05
n

V191 <

So, v1(1 — (1 — ¢1)" 1) is deformed as follows.

w1 (1= < gyt 0

noy
(=1 =)™
< |
< vy ¢1LI&0 Ny
B A=)
= vUy¢y lim 5
¢1*>+0 MTLQ&l
n—1
= Vs
n
Consequently,
R < n_f2(¢2 +¢)
= U2a + V22
Voo
< (n—l)v2¢2+nv2¢2
- 2n—1

The result shows the upper bound of the price of anarchy is %
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In addition, the surplus ratio approaches 5= if ¢; — 0 and ¢ — 1.

Table 4 shows the change of the efficiency ratio in terms of ¢; and ¢5. The
number of contractors is fixed at n = 20, and the reward of task ¢; is also fixed
at v; = 10. The value v, in the table indicates reward of task ¢ at the worst
case equilibrium. From the above result, the theoretical lower bound of the
surplus ratio is calculated as 20/(40 — 1) = 0.512821. Table 4 indicates that the

surplus ratio converges the theoretical lower bound when ¢; — 0 and ¢ — 1.

Table 4: The change of the efficiency ratio

o1 103 1 vy | R
0.01 0.99 10 50 | 0.537878
0.001 0.999 10 499 | 0.515832
0.0001 0.9999 10 4999 | 0.513122
0.00001 | 0.99999 | 10 49999 | 0.512851
0.000001 | 0.999999 | 10 499999 | 0.512824
lower bound | 0.512821
These results show that this bound is tight. O

7.1 The class of valid game

Valid games, introduced by Vetta[l8], is a set of non-cooperative games for
which Vetta proved that the upper bound of the price of anarchy is two. In
this section, I prove that the restricted version of crowdsourcing is included in
the class of valid games. This result guarantees that the upper bound of the
price of anarchy is two. First, I define some mathematical concepts in order to
discuss the result.

Definition 3. A set function f : 2" — R is submodular function if f(0) = 0
and for any set A, B C H, the following inequality is satisfied.

f(A)+ f(B) = f(ANB) + f(AU B)
And, A set function f is non-decreasing function if f(X) < f(Y) for any
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set X CY CH.
Given the strategy profile & = (51, ...,5,)0 the set Hs = {(k,7) : 1 >
k > n,i € S} is called the pair set of S. In addition, given the function
f : T1x Sk — R, the corresponding set function is f° : 2%s — R.
Definition 4. G(N, {S;}, {¢:(ITx Sk)} denotes a non-cooperative game which has
social utility function v : 1, Sy — R. G is a valid game if following conditions
are satisfied.
o The set function v° corresponding v is submodular and non-decreasing
function.
o The payoff of a player is at least equal to the difference in the social function
when the player participates versus when it does not participate.
o The sum of the utility or payoff functions for any strategies should be less
than or equal to the social function.
If the player 7’s utility is denoted by g;(s), the second condition of valid

games is equivalent to the following condition.

Vs, i, gi(s) — gi(0,5-1) > v(s) — v(0,5-)

The expression means the increment of individual utilities is always equal or
more then that of the social utility. And the third condition of valid games is

equivalent to the following condition.
Vs, 3 ai(s) < 1(5)

This means that the social surplus in the game system is distributable. Note,
we do not require that 3, g;(s) = 7(s). In fact, we may view v(s) — >, gi(s) as
the utility of some non-agent, say the market operator.

The following property is known and useful to discuss the price of anarchy.
Theorem 9. Let G be a valid game, then for any mized strategy Nash equilib-
rium, the social function at this equilibrium is at least half the optimum social
function, i.e., in a Nash equilibrium a, v(OPT) < 2v(a).([18])

Here, I introduce a restricted version of crowdsourcing games.

Definition 5. The crowdsourcing game is additive if the optimal allocation of

any task t; is realized when all contractors carry out the task.
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Lemma 3. A crowdsourcing game with single type of contractors, two tasks,
and no incurred cost is a additive crowdsourcing game.

In additive crowdsourcing games, the social surplus is improved whichever
tasks contractors choose compared to the case that contractors do not choose
any task. In addition, the individual rationality holds, that is, the expected
utility is always more than zero. This means that a task selection is important
in maximizing its utility.

Theorem 10. An additive crowdsourcing game is a valid game.

Proof. e The social function in crowdsourcing game is defined as follows.

l

v(s) = Z{Uj (1— H (1 _(btypeOf(Ak)j)ntypeofmk)j ®) ) “Ntypeof (Ag)j <S)Ctyp60f(Ak)j}
j:1 k:sk:tj

From the definition of additive crowdsourcing game, the following condition

holds for any strategy taple s.

’Y(Ska S—k) > ’7((97 S—k?)’ \V/Sk

Thus, 7° is obviously non-decreasing function. And I utilize another equiv-
alent definition of submodularity, that is, f is submodular function if
flAN{i}) — f(A) > f(Bn{i}) — f(B) for any A,B,A C B and for
any i ¢ B. To prove the submodularity of 4, it is sufficient to show that
if any strategy tuples s and s’ such that s; = () and either s, = s, or s, = {)
for any k exist, then y(t;,5_1) —y(s) > 7(tj, s_,) — ('), Vt;. To show that
this condition is satisfied, let n;;(s) be the number of type 6;’s contractors
who carry out the task ¢;. It is apparent that n;;(s) > n;;(s") because of

the settings of s and s’, and the following inequality holds.

=TI (0= fupeopans) 21— II (1= Prypeorian)
kisp=t; ks, =t;
The following two equations

Y(tj,8-1) — v(s) = {1 — H (1- ¢typ60f(Ak)j} — C1j

k:skzt]‘

V(g5 ) =) = du{l = [T (1= brypeoriani} — ¢y

!
ks, =t;
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show that the condition is satisfied. Consequently, v° is a submodular
function. Note that 4 is a submodular function even if the crowdsourcing
game is not additive. As indicated above, the first condition of valid games
is satisfied.

Next, I prove that the individual expected utility is always more than the
increment of social surplus. This paper defines the social surplus as the
sum of the expected utilities of contractors, and the following equations

obviously hold.
¥(s) =D gi(s)
Apg

v(0,5-5) = Z 9r(0,5-3)

Ap:k#i
It is sufficent to show that g;(s) > Y4, gx(s) — X4, ki 9r(0, s—;) because
gl(®7 S—i) = 0.

gi(s) > ;gk(s) - AZ¢-gk<®7 S-i)
doogk@,5) = D gr(s) — gils)
At m
dooak(@,52) > > grls)
Aok Aok

It is also sufficient to show that the condition gx (0, s_;) > gi(s),Vk, k # i is
satisfied. This inequality means that the expected utility of the contractor
who already participate in the task t; always decreases if a new contractor
participates in the task.

Recall that the expected utility is denoted by gx(s) = vjo4(s) — ¢;j. Only
0ij(s) changes when a new contractor participates. Recall again that
0;;(s) means the winning probability about the task. The probability al-
ways decreases by a new contractor because of the competition, that is,
0ij(0,s_k) > 04i(s),Vk : s, = j. As indicated above, the second condition
of valid games is satisfied.

As indicated previous discussion, it is obvious that the third condition of
valid games is also satisfied.

To sum it up, an additive crowdsourcing game is a valid game. O
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Corollary 4. The upper bound of the price of anarchy of additive crowdsourcing
games 18 two.

By using this additive condition, we can design a efficient restricting mech-
anism about the number of contractors. The sketch of the algorithm is shown
as follows. It is assumed that contractors with single type exist.

1. First, we calculate the individual expected utility g;(n¢"7) for each task ¢;

J
if the number of contractors who carry out the task is optimum njOP T
2. We can restrict the number of contractors for each task to n; such that n;

satisfies following conditions.

gi(n;) > min g;(n7"")
J

gi(n; + 1) < min g;(n§"")
J

In this mechanism, for any pure Nash equilibrium s, y(¢;, s_x) > (0, s_) is al-
ways satisfied for any task ¢; and any contractor A;. Therefore, the crowdsourc-
ing game with above mechanism is considered as one of additive crowdsourcing

games, and has the upper bound of the price of anarchy which is two.
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Chapter 8 Conclusion

This paper considered the crowdsourcing, which is one of new task allocation
systems through the World Wide Web, and analyzed the social efficiency. In
the crowdsourcing market, contractees announce their tasks, and then each
of contractors chooses a task and reports the result if he/she completed the
task. The contractee receiving reports from the contractors selects the best
solution, and then pays reward to the contractor who reported the best solution.
However, the efficiency of this mechanism was questionable if contractors were
interested in their own utility. It might be inefficient from the viewpoint of
task allocation mechanisms because many contractors could gather the specific
task. In addition, there was not enough accumulation of knowledge about the
operation and the management of the crowdsourcing market because of the
novelty. This paper focused on the strategic behavior of individual contractors
in the crowdsourcing market, and formulated it as a multiagent market model.

To analyze the social efficiency of crowdsourcing mechanism, this paper tackled

the following two issues.

Modeling of the task allocation in the crowdsourcing market In many
researches of resource allocation, it is assumed that each agent strategi-
cally reports its information, and discuss the determination mechanism of
the allocation calculated by the reported information. Meanwhile in crowd-
sourcing, there is no top-down allocation because contractors autonomously
select the task and carry it out. Therefore, we need to build a new model
focusing on the strategic task selection.

Analysis of the social efficiency as a market In crowdsourcing market,
the probability of successfully completing tasks becomes high and the social
surplus is expected to be improved because tasks are carried out in parallel
by contractors. However, the social inefficiency is also conceivable because
too many contractors might carry out the specific task. we need to know
the impact of the asymmetry of tasks and the asymmetry of contractors on

the efficiency as task allocation mechanism.
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To solve the above issues, this paper formalized the strategic task selection
of contractors in crowdsourcing as the form of the game theory. I assumed that
contractors in the market chose the task considering the trade-off between the
expected reward for carrying out the task and the incurred cost, and consid-
ered that it was an analogical decision making of the road selection in traffic
network. This paper built the crowdsourcing game model based on congestion
game model which was frequently utilized in equilibrium analyses of the traffic
network. To understand what extent of efficiency realized by the task allocation
at Nash equilibrium compared to the top-down optimal allocation, this paper
defined the surplus ratio as a indicator of the social efficiency.

This paper approached the social efficiency analyses through two methods:
one was the analysis of average impact of the asymmetry of tasks or contractors,
and the other was that in the worst case of crowdsourcing models.

If the pure Nash equilibrium exists, it is sufficient as the efficiency analysis
to evaluate for each combination of task allocations. Thus, this paper first ex-
amined the existence of pure Nash equilibrium. I proved that the pure Nash
equilibrium of the crowdsourcing game with single type of contractors always
exists. However, I also found that crowdsourcing game models belong to the
more complicated class of congestion games, and indicated that the pure Nash
equilibrium did not always exist. From those results, this paper analyzed the
impact of the number of contractors, the number of types of them, the proba-
bility of success and the reward about tasks, and so forth, on the surplus ratio
about the class having pure Nash equilibrium. As a result, I found that the
social surplus at Nash equilibrium approached to zero when sufficient number
of contractors exist, and that the difference between the probability of success
of two tasks increased, the surplus ratio monotonically decreased because of
the congestion in the task with higher probability of success. In the discussion
of the reward, I found that the fractional difference between rewards brought
inefficiency if two tasks had the same probability of success and incurred cost.
Besides, I discovered that, when specialists having higher success probabilities
in a particular task are present, a reversal phenomenon might arise. Indeed, in

that case, although special tasks are assigned to the specialists in Nash equilib-
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rium, in the optimal allocation, they are assigned to the non-specialists.

On the other hand, this paper also mentioned the price of anarchy of crowd-
sourcing games, which is determined by the surplus ratio in the worst case.
From the previous discussion, it became apparent that the price of anarchy of
general crowdsourcing game approached to infinity according to the increment
of the number of contractors. This result suggested that it was important for
the market operator to restrict the number of contractors adequately for the
persistent operation of crowdsourcing. To understand the desirable method for
restricting the number of contractors, we studied the price of anarchy in terms
of the number of contractors, and discovered that the idea of valid games was
applicable. This paper defined the additive class of crowdsourcing games, and
proved that the upper bound of the price of anarchy in additive crowdsourcing
games was two because of the submodularity and non-decreasing property of the
social utility function. From these results, this paper suggested a mechanism
restricting the number of contractors for each task.

The above contributions gave us a useful guideline on building a new problem
solving market by crowdsourcing, and gave us a basic knowledge for designing

an efficient task allocation mechanism in the future.
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